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16 November 2024, Tartu, Estonia Problems with Solutions

[T] Let « be a non-zero real number. Find all functions f : R — R such that

rf(r+y) = (zr+ay)f(z) +zf(y)

for all z,y € R.
Answer: f(z) = cz?® for any real constant ¢ if @ = 2; f(z) = 0 otherwise.

Solution 1: Let P(z,y) denote the assertion of the given functional equation. Note that P(1,0) is
f(1) = f(1) 4+ f(0) which implies

f(0)=0
Applying this result to P(x, —z) and P(—x,z) where x # 0 we get:
= (1 —a)zf(z) +zf(—=) (1)
0= (a—Dazf(-z)—zf(z) (2)
By adding and and simplifying, we get 0 = ax f(—z) — ar f(x) which implies
f(x) = f(=2)

for all x # 0. Since f(0) = 0 = f(—0), we can conclude that f is even. Therefore (1)) simplifies to
0= af(@)2—a)

which implies that if o # 2 then f(z) = 0 for all x € R. It is easy to check that this function works.

Now let us consider the case o = 2. The initial functional equation becomes
wf(z+y) = (x4 2y)f(x) +2f(y)
which can be rewritten as
af(x+y) = (@+y)flx) =yf(@)+zf(y).

Note that the right hand side is symmetric with respect to = and y. From this we can deduce that
zf(x+y)— (x+y)f(z) =yf(x+y)— (z+y)f(y) where factorizing yields

(z—y)fle+y) = (@ +y) (flz) - ) (3)
By replacing y with —y and using the fact that f is even, we get
(@ +y)flx—y) = -y (flz) - fy), (4)
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in both (3) and , we get

f<z>=z<f =N -1(G3)). )
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respectively. Equations and @ together yield f(z) = z-zf(1) = 22 (1) which must hold for all
z € R.

Thus, the only possible functions that satisfy the given relation for a = 2 are f(z) = cx? for some
real constant c. It is easy to check that they indeed work.

Solution 2: Multiplying the given equation by y gives

zyf(z +y) = (v +ay)yf(z) + zyf(y),

which is equivalent to
zy (f(z+y) — f(2) = f(y) = ay’ f(2).

The left-hand side of this equation is symmetric in « and y. Hence the right-hand side must also
stay the same if we swap x and y, i.e.,

ay’f(z) = az®f(y).
As a # 0, this implies
v f(a) = 2 f(y).

Setting y = 1 in this equation immediately gives f(x) = cz? where ¢ = f(1). Plugging f(z) = cz
into the original equation gives

2

cx(z 4+ 9)? = c(z + ay)x? + cxy?,
where terms can be rearranged to obtain
cr(z +y)? = ce(2? + azy + y?). (7)

If ¢ = 0 then is satisfied. Hence for every «, the function f(x) = 0 is a solution. If ¢ # 0 then
(7) is satisfied if and only if & = 2. Hence in the case a = 2, all functions f(z) = cz? (where ¢ # 0)
are also solutions.

[2] Let R™ be the set of all positive real numbers. Find all functions f : R — R™ such that

f(a) f(b) fle)
1—|—a+ca+1—|—b+ab+1+c+b0_

for all a,b,c € RT that satisfy abc = 1.
Answer: f(x) = kx + 1 — k where k is any real number such that 0 < k < 1.

1 1
Solution: Note that ————— = bc - ———— since abc = 1. Similarly,
1+a+ca 1+c+bc

1 1 1
1—|—b—|—ab_ac.1+a+ca ‘1tctbe

bef(a) 4 cf (b) + f(c)
14+ c+be

So the initial equality becomes = 1 which yields

bef <blc> +cf(b)+ f(e) =1+ c+be. (8)

Takinga =b=c=11in gives f(1) + f(1) + f(1) = 3 which implies f(1) = 1. Using this fact
1 1

after substituting ¢ = 1 into yields bf (b) + f(b) = 1+b, so bf (b) =14b— f(b) for all

b€ RT. Applying this in (8) gives 1+ bc — f(be) + cf(b) + f(c) = 1+ ¢+ be, s0

cf(b) + f(e) = ¢+ [f(be).



Swapping b and ¢ here gives
bf(c)+ f(b) = b+ f(be).

Subtracting the last equality from the second last one and rearranging the terms gives
cf(b) = F(B) + f(c) — bf(e) = c— b, (9)

Substituting ¢ = 2 into (9 gives f(b) + f(2) — bf(2) = 2 —b, so f(b) = b(f(2) — 1) +2 — f(2).
Denoting f(2) — 1 =k, we get f(b) =kb+1—k for all b € RT.

Note that if k£ < 0, then for large enough b the value of f(b) would become negative. If k£ > 1, then
for small enough b the value of f(b) would become negative. Therefore k € [0, 1]. After substituting
f(z) = kx 4+ 1 —k into (8) we can see that it is satisfied. Hence this function satisfies the original
equality for all a,b,c € R" such that abe = 1.

3] Positive real numbers a1, as, ..., asgs are written on the blackboard. A move consists of choosing
2 + 6xy + 9? on

T+y
the blackboard. After 2023 moves, only one number ¢ will remain on the blackboard. Prove that

two numbers z and y on the blackboard, erasing them and writing the number

c<2024(a1+a2+...+a2024).

Solution: Note that by GM-HM we have

2 2

x° + 6xy + 4z

LTy :ac+y+7y =r+y+2-
r+y Tty

<z+y+2vay= (Vo+ o)

g

+

[22 + 62y + 92
— = = < x+ .
T+y = Ve vy

Therefore after each move the sum of square roots of all numbers on the blackboard decreases or
stays the same. This implies that

Ve <yar++az + ..+ yazoa.

< =

which means that

By QM-AM we have

a1 +as + ...+ a4

\/671+\/672+...+M§2024\/ 2024

Hence ¢ <2024 (a1 + a2 + ... + a2024)-

It remains to show that the equality cannot hold. Suppose, for the sake of contradiction, that
c= 2024(@1 +ag+ ...+ a2024).

For this to occur, all the inequalities used must be equalities. Note that the last equality holds if
and only if a1 = ag = -+ = agpo4. Also to reach the equality we must have x = y at each move,
so that the sum of square roots of all numbers on the blackboard stays the same all the time. So
Ve

2024’
and choosing two copies of any number x with square root /= yields a number with square root
2y/x after the move. Hence the square root of any number occurring on the blackboard during the

Ve

process must be of the form 2004 2% for a natural number k. But the square root of the number

in the blackboard in the end is v/c which is not of this form since 2024 is not a power of 2. The
contradiction shows that the equality cannot be achieved and we are done.

the square root of the number occurring 2024 times on the blackboard in the beginning is



[4] Find the largest real number « such that, for all non-negative real numbers z, y and z, the following
inequality holds:

(z +y+2)* + a2z + v’ + 2%y) > a(2%y + y?z + 2%2) .

Answer: 6V/3.

Solution: Without loss of generality, x is the largest amongst the three variables. By moving
« (xzz + 9%z + zzy) to the right-hand side and factoring, we get the equivalent inequality

(+y+2)°>a(@—y)(z—2)(y—2).

If z > y, then the right-hand side is non-positive, so we can assume x > y > z.

Note that
r+yt+z>r+y—22

1 1 1
:\/g(a:—y)—i-(l—\@) (m—z)—i—(l—i—ﬁ) (y —2)
zsi/?f/g(x—y)(x—z)(y—z).

Cubing both sides gives (z + y + 2)° > 6v3(z — y)(z — 2)(y — z). The equality holds when z = 0
andz:y(Q—i—\/g). So a = 6v/3.
[5] Find all positive real numbers A such that every sequence a1, as, . . . of positive real numbers satisfying

airt+ax+...+ay
n

an+1 = A

for all n > 202429%* is bounded.

Remark: A sequence aq,as, ... of positive real numbers is bounded if there exists a real number M
such that a; < M forallt =1,2,...

Answer: All positive real numbers A < 1.

Solution: First we will show that for all A > 1 every such sequence is unbounded. Note that
ai+ax+...+ap—1

n—1

Ap = A~ implies

)\(a1+a2+---+an—l+an>
n n

B an(n—1) ay
_)\< An +n>
<n—1 )\>
:an +—

n n
:an(l—l—)\_l).
n




Hence for all n > 20242024

anip=an- (1427 1) (14270 142l
ntk = O n n+1)"" n+k—1)"
A—1 A—1 A—1
Antk _ 1+ 1+ el 1+ —
an, n n—+1 n+k—1

and positive integers k we have

This implies that

>)\—1+)\—1+ i A—1
n n+1 ~ n+k-1
1 1 1
=A-)(—-"4+—+...+— .
( ) <n+n—|—1+ +n+l<:—1>
1 1 1 . . Qpyk .
As the sequence (1+=-+—-+...+ is unbounded and A — 1 > 0, the ratio is un-
2 3 m/ ,>1 an

bounded, implying that the sequence (a;),,~; is also unbounded.

Now it remains to show that for all A < 1 every such sequence is bounded. To this end, define
M = max(ay,as,. .., ay942024). We will show by induction on n that a, < M for all n. This holds
trivially for n = 1,2,...,2024%0%* For the induction step, assume the desired inequality for some
n > 2024294 and note that

ar+ag+...+ap <a1—|—a2+...+an

Qnt1 = A~ < max(ay,ag,...,a,) = M.

n n

The required result follows.

[6] A labyrinth is a system of 2024 caves and 2023 non-intersecting (bidirectional) corridors, each of
which connects exactly two caves, where each pair of caves is connected through some sequence of
corridors. Initially, Erik is standing in a corridor connecting some two caves. In a move, he can
walk through one of the caves to another corridor that connects that cave to a third cave. However,
when doing so, the corridor he was just in will magically disappear and get replaced by a new one
connecting the end of his new corridor to the beginning of his old one (i.e., if Erik was in a corridor
connecting caves a and b and he walked through cave b into a corridor that connects caves b and c,
then the corridor between caves a and b will disappear and a new corridor between caves a and ¢
will appear).

Since Erik likes designing labyrinths and has a specific layout in mind for his next one, he is
wondering whether he can transform the labyrinth into that layout using these moves. Prove that
this is in fact possible, regardless of the original layout and his starting position there.

Solution: Throughout the solution, we denote a corridor directly connecting caves a and b by ab.

First we show that Erik can reverse his moves. Indeed, consider three caves a, b, ¢ such that ab and
be are corridors, and assume that Erik stands in the corridor ab. He can then perform the moves
ab — bc — ca — ab in succession (Fig. |1} note that after each move, the edge he is about to walk to
in the sequence has just appeared as a consequence of his last move). But this will take him back
to where he started as well as make sure that the layout of the labyrinth has not changed. Hence
after performing the first move, he can “undo” it by performing the remaining two moves in this
sequence.
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Figure 2

This means that it is enough to show that Erik can turn any layout into the star shape (i.e., a layout
with one central cave that all the remaining caves are directly connected to), since if he can get
from any layout to the star shape he can also get from the star shape to any layout. Let us prove
this by induction on the number n of caves.

For n = 3, any allowed layout has the star shape, so let us assume n > 4. It is easy to see that there
has to exist at least two caves, each of which being connected to only one other cave. These caves
cannot be directly connected to each other (otherwise they could not be connected to other caves).
Hence one of these two caves, say v, is such that Erik is not initially standing in the only corridor
adjacent to it. By the induction hypothesis, Erik can then perform some sequence of moves that
will transform the labyrinth excluding v into the star shape with n — 1 caves. Let the central cave of
the star be ¢ and assume that Erik is standing in the corridor cw. We have to consider three cases
for how v is connected to other caves:

e The cave v is directly connected to c. In this case we already have the star shape with n caves,
and so we are done.

e The cave v is directly connected to w. In this case Erik can make the moves cw — wv — vc
(Fig. . Then the resulting layout has the star shape.

e The cave v is directly connected to some other non-central cave u. In this case Erik can make
the moves
WE = CU —> UW — UV —> VW — WE — WU —> UC

(Fig. 3)). Then the resulting layout has the star shape.

In all cases, we have shown that we can turn the labyrinth into the star shape. So we are done by
induction.
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7] A 45 x 45 grid has had the central unit square removed. For which positive integers n is it possible
to cut the remaining area into 1 x n and n x 1 rectangles?

Answer: 1, 2, 11, 22, 23.

Solution: Clearly, any n that works must be a divisor of the number 452 — 1 = 2024 of unit squares.
Furthermore, it must not be greater than 45, or else we cannot fit any 1 X n rectangles in the grid.
This leaves the options n =1, n =2, n=4,n=8, n =11, n =22, n = 23 and n = 44. Note that
any divisor d of a length n that works also works, since we can just divide each of the 1 x n and
n x 1 pieces into 1 x d and d x 1 pieces.

For n = 22, we can cover the grid as in Fig. @] By the above, this shows that n = 1, n = 2 and
n = 11 all work.

For n = 23, we can cover the grid as in Fig.



Figure 4 Figure 5

The remaining possibilities are n = 4, n = 8 and n = 44. All of these are divisible by 4, and hence
if any of them work n = 4 would also have to work. However, n = 4 does not work. Indeed, color
gray all rows with row numbers congruent to 1 or 2 modulo 4 (Fig. @ Then any 1 x 4 or 4 x 1
piece will cover an even number of gray squares. But there is an odd number of gray squares in
total, since the number of gray rows is odd, as well as the length of any row, and the center square
is white as it is in row 23. So it is impossible to cover all of them.

Consequently, n = 1,2,11,22,23 are the only values that work.

Figure 6

[8] Let a, b, n be positive integers such that a + b < n?. Alice and Bob play a game on an (initially
uncoloured) n x n grid as follows:

e First, Alice paints a cells green.
e Then, Bob paints b other (i.e. uncoloured) cells blue.

Alice wins if she can find a path of non-blue cells starting with the bottom left cell and ending with
the top right cell (where a path is a sequence of cells such that any two consecutive ones have a
common side), otherwise Bob wins. Determine, in terms of a, b and n, who has a winning strategy.

Answer: If a > min(2b,2n — 1), Alice wins, otherwise Bob wins.



Figure 7 Figure 8

Solution: If a > 2n — 1, Alice can win, for example by painting all the cells in the leftmost column
and the topmost row green, ensuring that there will be a green path (Fig. .

If 2n — 1 > a > 2b, Alice can also win. Indeed, note that n > b, so Alice can make sure to color (at
least) the bottommost b cells in the leftmost column and the rightmost b cells in the topmost row
green. There are now b+ 1 disjoint paths from some green square in the leftmost column to some
green square in the topmost row (Fig. , so there is no way for Bob to block all of the paths.

If however a < min(2b,2n — 1), Bob wins. Indeed, note that min(2b,2n — 1) is the number of all
descending diagonals of length at most . Hence after Alice has made her move, there must still be
some of these diagonals with no green cells in it. Bob can color all cells in it blue and win.

Hence Alice wins iff a > min(2b,2n — 1).

[Q] Let S be a finite set. For a positive integer n, we say that a function f: S — S is an n-th power if
there exists some function g: S — S such that

fx)=g(g(...g(x)...))

g applied n times

for each x € S.

Suppose that a function f: S — S is an n-th power for each positive integer n. Is it necessarily true
that f(f(z)) = f(z) for each z € S7

Answer: Yes.

Solution 1: Since S is finite, there is a finite set of all functions {g1,¢2,...,9x} from S to itself.
Consider a function F that assigns to each positive integer n one of these functions such that f is
the n-th power of the function F'(n). So F' induces a partition of the set of all positive integers into
sets P; consisting of all the integers n such that F(n) = g;.

For any positive integer N, consider the complete graph Ky on N vertices labeled 1 through N. We
will colour the edges of Ky in k colours Cy,Co, ..., ) according to the partition in the following
way: If |z — y| lies in P;, colour the edge between z and y in the colour C;. By Ramsey’s theorem
we can take N to be large enough that there is a monochromatic triangle in K. This means that
there are three integers x, y and z and an index i for which |z —y|, |y — z|,|z — x| € P;. Hence there
are three integers a, b, c € P; such that a +b = c.

Therefore, some function g;: S — S satisfies f(x) = g%(x) = ¢¥(z) = g °(z) for each x € S. Hence,

F(f(@) = gi (g} (x)) = g¢*"(x) = f(w) for each z € 5.
Remark: The fact that there is an index 4 for which P; contains three integers a, b, ¢ such that
a + b = ¢ is known as Schur’s theorem.

Solution 2: Pick x € S arbitrarily and denote y = f(x). We need to prove that f(y) = y. Let
n = |S| and consider the function g : S — S such that f = ¢g"". As we must have g™ (z) = y, the
element y must occur among the first n terms of the sequence z, g(z), ¢*(x),.. ., i.e., g¥(x) =y for



some k < n. So g”!*k(y) = y, or putting it otherwise, g™ *~! (9(y)) = y. Like before, we obtain

that y must occur among the first n terms of the sequence g(y), ¢*(y), ..., i.e., ¢(y) = y for some
I < n. So certainly g"!(y) =y as [ | n!. This proves the claim.

[10] A frog is located on a unit square of an infinite grid oriented according to the cardinal directions.
The frog makes moves consisting of jumping either one or two squares in the direction it is facing,
and then turning according to the following rules:

(i) If the frog jumps one square, it then turns 90° to the right;
(ii) If the frog jumps two squares, it then turns 90° to the left.

Is it possible for the frog to reach the square exactly 2024 squares north of the initial square after
some finite number of moves if it is initially facing:

(a) North;

(b) East?

Answer: (a) No; (b) Yes.
Solution:

(a) We color the grid with 5 colors so that the color of a square is determined by the expression
2z +y modulo 5, where (z,y) are the coordinates of the square (we assume that the side length
of the square is 1; see Fig. @ Without loss of generality, let the color of the target square be 0,
and let the frog be there facing in the positive y-direction. Before the move that brought the
frog to this position, it must have been either on a square of color 1, facing in the positive -
direction, or on a square of color 2, facing in the negative z-direction. In either case, one move
earlier, the frog must have been either on a square of color 3, facing in the negative y-direction,
or on a square of color 0, facing in the positive y-direction. If at some point the frog was on
a square of color 3, facing in the negative y-direction, then before the move that brought it
there, it must have been either on a square of color 1, facing in the positive z-direction, or on a
square of color 2, facing in the negative z-direction. This exhausts all possible cases, showing
that throughout the entire process, the frog could only be in one of the following four positions:

e On a square of color 0, facing in the positive y-direction;
e On a square of color 1, facing in the positive x-direction;
e On a square of color 2, facing in the negative z-direction;
e On a square of color 3, facing in the negative y-direction.

Based on this, we examine all possibilities:

0241|3024 |1]3]0
411131021411 /3]0|214
310(2(4(1]3(|0]2(4|1/3 0
214(113(0(2(4(1/3]0/2
1(3/012(4/113/0(2[4]1
02413024 /1[{3/|0
411131012 (4]1]3]0|2]|4
310(2(4(1]3|0]2(4|1/3 o
214(113(0]24(13]0)2
1(3/]012(4/1]3/0(2[4]1
0/2({4]1]3/0/214/1(3]0
Figure 9 Figure 10



e If the positive y-direction corresponds to north, then the color of the initial square is 1,
and the frog must have been facing in the positive z-direction, that is, east.

e If the positive y-direction corresponds to east, then the color of the initial square is 3, and
the frog must have been facing in the negative y-direction, that is, west.

e If the positive y-direction corresponds to west, then the color of the initial square is 2, and
the frog must have been facing in the negative z-direction, that is, south.

e If the positive y-direction corresponds to south, then the color of the initial square is 4,
from which the frog could not reach the target square at all.

This demonstrates that if the frog reaches the target square, it cannot have been facing north
at the initial square.

(b) Let the frog at some point face east. Then it can make the following moves: east 2 squares,
north 2 squares, west 1 square, north 2 squares, west 1 square, north 1 square (Fig. . This
way, the frog has moved a total of 5 squares north, and after these moves, it is again facing
east. Therefore, by repeating this sequence of moves 405 times, the frog can reach a point 2025
squares north of the initial square. By omitting the last move, the frog reaches exactly the
square that is 2024 squares north of the initial square.

Remark: Similarly to the solution of part (b), one can show that the frog can reach the desired

square also after making its first move to the south or to the west.

[1T] Let ABCD be a cyclic quadrilateral with circumcentre O and with AC' perpendicular to BD. Points
X and Y lie on the circumcircle of the triangle BOD such that ZAXO = ZCY O = 90°. Let M be
the midpoint of AC. Prove that BD is tangent to the circumcircle of the triangle M XY'.

Solution: Denote the circumradius of ABCD by r and the circumcircle of triangle BOD by w. Let
T = AC N BD, let OT meet w again at S, and let OF be a diameter of w (Fig. . We see that
AC | OE as AC L BD and BD 1 OFE. Furthermore, note that

ADST = £DS0O = £DBO = £0DB = LODT,

so OD is tangent to the circumecircle of the triangle DST and thus OT - OS = OD? = r2.

Figure 11
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We find ZAXO = 90° = LZOXE so A, X, E are collinear. Since also ZAMO = 90°, points A,
O, X, M are concyclic. Next, we can see that points A, X, T, S are concyclic since £ X AT =
LAEAC = LAFO = AXFEO = AXS0 = AXST. Moreover, AO is tangent to this circle as
OT - 08 = r? = 0A%. Hence AMTX = LATX = LOAX = LOMX, so OM is tangent to the
circumcircle of triangle X MT at M.

By interchanging the roles of A and C' and the roles of X and Y, we can similarly prove that OM is
also tangent to the circumcircle of triangle Y MT at M. But then these two circles must coincide.
Now OM L AC implies that MT is a diameter of this one circle, and AC | BD implies that BD
is tangent to it. The desired result follows.

[12] Let ABC be an acute triangle with circumcircle w such that AB < AC. Let M be the midpoint
of the arc BC' of w containing the point A, and let X # M be the other point on w such that
AX = AM. Points F and F are chosen on sides AC and AB of the triangle ABC, respectively,
such that FX = EC and FX = FB. Prove that AE = AF.

Solution 1: Triangles X FB and X EC are isosceles (Fig. [12). Note that X lies on the shorter arc
AB of w since otherwise the perpendicular bisector of BX could not intersect side AB. Hence
LXBF = /XBA = ZXCA = ZXCF which implies that triangles XFB and X EC' are similar.
Therefore /XFA=/XFEA. Hence AEF X is a cyclic quadrilateral.

Let XF intersect w again at X' # X (Fig. . By /BXX' = /BXF = /XBF = /XBA, arcs
BX' and AX of w are equal, i.e. BX' = AX. Since AX = AM, it follows that BX' = AM. So
ABX'M is an isosceles trapezoid which implies also AX’' = BM, i.e. arcs AX’ and BM of w are
equal. Therefore

/AEF =180° — ZAXF = 180° — ZAXX' =180° — ZMAB = /MCB.

By considering the second intersection point of X F with w, we can analgously prove the equality
/EFA=/CBM. Since arcs M B and MC of w are equal, ZMCB = Z/CBM,so ZAEF = /ZEFA.
Hence AE = AF, as desired.

Solution 2: Triangles XFB, XEC and XAM are isosceles (Fig. . In addition, note that
AFBX = LABX = LAMX and {FBX = £{ABX = LACX = {ECX, from which it follows
that triangles X FB, XEC and X AM are directly similar (i.e., similar with the same orientation).

XE XA .
XC - XM - k and A BXF = ACXFE = AMXA = «. Then the rotation

with center X by angle o along with scaling by ratio k£ maps points B, C, M to points F, E, A,
respectively. Thus triangle AF'FE is similar to triangle M BC' by spiral similarity. But MB = MC
as M is the midpoint of arc BC. Hence also AF = AF.

X
Denot =
enote <

Remark: The problem can be approached using complex numbers, taking w as a unit circle.

Figure 12 Figure 13 Figure 14
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[13] Let ABC be an acute triangle with orthocentre H. Let D be a point outside the circumcircle of
triangle ABC' such that ZABD = ZDCA. The reflection of AB in BD intersects CD at X. The
reflection of AC in C'D intersects BD at Y. The lines through X and Y perpendicular to AC and
AB, respectively, intersect at P. Prove that points D, P and H are collinear.

Solution: From the reflections, we have
/DBX =180° — ZDBA =180° — ZDCA = Z/DCY

(Fig. , so points B, C, X, Y are concyclic.

Define Q@ = XPNBD and R = YP N CD (Fig. . Then due to the right angles, we find
/DY R = /DX(Q. Hence points (), R, X, Y are concyclic, too.

Consequently, ZDQR = ZDXY = ZDBC, so BC || QR. Since also BH || PQ) and CH || PR, it
follows that triangle BHC' is a homothetic image of triangle Q PR with center D. Hence D, P and
H are collinear.

A A

Figure 15 Figure 16

[14] Let ABC be an acute triangle with circumcircle w. The altitudes AD, BE and CF of the triangle
ABC intersect at point H. A point K is chosen on the line EF such that KH || BC. Prove that
the reflection of H in KD lies on w.

Solution: Since ZAEH = 90° = ZAFH, we know that AEHF is a cyclic quadrilateral and AH
is a diameter of its circumcircle. As KH || BC and AH | BC, we have ZKHA = 90°, so KH is
tangent to the circumcircle of AEHF'.

Denote by H' the reflection of H in KD and by L the intersection of lines KD and HH' (Fig. [17).
Clearly ZHLD = 90° and from the equality /KHD = 180° — ZHLD it follows that K H is also
tangent to the circumcircle of DLH. From the power of the point K with respect to the circumcircles
of AEHF and DLH we obtain KE - KF = KH? = KL - KD. Hence points E, F, D, L lic on a
common circle.

By a known fact of triangle geometry, reflections of H in the points D, E and F' lie on w. Hence
the homothety with center H and ratio 2 maps the circumcircle of triangle DEF to w. As this
homothety maps L to H' and L lies on the circumcircle of triangle DEF, the point H' must lie
on w.

Remark: The problem can be approached using computational methods, namely complex numbers
and Cartesian coordinates.

12



Figure 17

[15] There is a set of N > 3 points in the plane, such that no three of them are collinear. Three points A,
B, C in the set are said to form a Baltic triangle if no other point in the set lies on the circumcircle
of triangle ABC'. Assume that there exists at least one Baltic triangle.

N
Show that there exist at least 5 Baltic triangles.
‘ o . ... N
Solution: If N = 3, the number of Baltic triangles is 1 which is 3

N
To show that there always exist at least — Baltic triangles, we prove that every point is a vertex
of at least one Baltic triangle. This implies the desired result because every Baltic triangle consists
of exactly 3 points.

First we prove a useful lemma: Given n > 2 points in the plane, either all are collinear or there
exists a line passing through exactly 2 points.

Proof: Take a line [ going through at least 2 points, and a point ) not on the line [ such that the
distance from @ to [ is minimal over all such pairs. Denote Q' as the projection of Q to . If [
contains at least 3 points, two of them must be on the same side of Q' (or coincide with Q'). Say
those points are X and Y, with X lying between Y and @’ (Fig. . But then the distance from
X to the line QY is smaller than QQ’ and this contradicts minimality. O

Y X Q'
\g\

Figure 18

Now assume N > 4 and apply an inversion of the plane with center O where O is any point in
the given set. Consider the NV — 1 other points after the inversion. By our lemma, there exists a
line going through exactly 2 of them, because if they were all collinear, all points would have been
concyclic before the inversion, contradicting the assumption about the existence of a Baltic triangle.
Denote these points as P and ). The line PQ cannot go through O, because this would mean that
these 3 points were collinear before the inversion. But then before the inversion, no other point lied
on the circumcircle of triangle O PQ, meaning that O, P, ) formed a Baltic triangle.

So every single point in the given set is a vertex of at least one Baltic triangle and we are done.

Remark: The lemma proved in the solution is known as the Sylvester-Gallai theorem.
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[16] Determine all composite positive integers n such that, for each positive divisor d of n, there are
integers £ > 0 and m > 2 such that d = k™ + 1.

Answer: 10.

Solution: Call a positive integer n powerless if, for each positive divisor d of n, there are integers
k > 0 and m > 2 such that d = k" + 1. The solution is composed of proofs of three claims.

Claim 1: If n is powerless, then each positive divisor d of n can be written as k> + 1 for some
integer k.

Proof: We will prove this by strong induction on the divisors of n. First, we have that 1 = 0% + 1.
Now let d = k™ 4+ 1 > 1 be a divisor of n, and assume that all divisors less than d can be written
on the desired form. If m is even, we are done, and if m is odd, we have

d=(k+1) (k™' = k™2 4. 4+1).
Then, either k41 = d, meaning that k™ = kso k = 1 and d = 1241, or k+1 is a divisor of n stricly
less than d, so we can write k + 1 = [? + 1 for some integer . Hence d = (l2)m +1= (lm)2 +1. O

Claim 2: If n is powerless, then n is square-free.

Proof: Suppose for contradiction that there is a prime p such that p? | n. Then by Claim 1 we may
write p? = [ + 1. As the difference of square numbers are sums of consecutive odd integers, this
leaves only the solution [ = 0,p = 1, a contradiction. O

Claim 3: The only composite powerless positive integer is 10.
We will give two proofs for this claim.

Proof 1: Suppose n is a composite powerless number with prime divisors p < ¢q. By Claim 1, we
write p=a®>+1, g =b*>+ 1 and pg = ¢® + 1. Then we have ¢ < pg < ¢°, so ¢ < q. However, as
¥ +1=gq|c+1, we have ¢ = —1 = b? (mod q), so ¢ = +b (mod ¢) and thus either ¢ = b or
c = q — b. In the first case, we get p = 1, a contradiction. In the second case, we get

pg=c+1=(q—b°+1=¢"—2bg+b*+1=q>—2bg+q=(q—2b+1)q,

so p=¢q—2b+ 1 and thus p is even. Therefore, p = 2, and so b*> + 1 = ¢ = 2b + 1, which means
b =2, and thus ¢ = 5. By Claim 2, this implies n = 10, and since 1 =0*+1,2=124+1,5=22+1
and 10 = 3% + 1, this is indeed a powerless number. ]
Proof 2: Again, let p # ¢ be prime divisors of n and write p = a? + 1, ¢ =b*>+ 1 and pg = ¢ + 1.
Factorizing in gaussian integers, this yields

(@+1)(a—1)b+i)b—1) = (cti)c—i).

We note that all the factors on the left, and none of the factors on the right, are gaussian primes.
Thus, each factor on the right must be the product of two factors on the left. As (a+1)(a —1) and
(b+1)(b—1) both are real, the unique factorization of Z[i] leaves us without loss of generality with
three cases:

c+i=(a+1i)(b+1), c+i=(a—1)(b—1i), c+i=(a+1i)(b—1i).

In the first two cases, we have a + b = 1, both contradictions. In the third case, we get b —a =1,
and thus, ¢ = a® + 2a + 2. As this makes ¢ — p odd, we get p = 2 meaning a = 1 so that ¢ = 5.
Now we finish as in proof 1. ]

Remark: Claim 2 can also be proven independently of Claim 1 with the help of Mihailescu’s theo-
rem.
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[I7] Do there exist infinitely many quadruples (a, b, ¢, d) of positive integers such that the number a® +
W — @ —d% is prime and 2 < d < ¢ < b < a < d20%?
Answer: No.
Solution: Assume that there exists a prime p < d such that p t abcd. Then, since p—1 | d! and p 1 d,
d!
by Fermat’s little theorem d? = (dP~})7=1 =1 (mod p). By the same argument a® = " = ¢ =1
(mod p), and therefore a® +b" — ¢ —d¥ =14+1—-1—1=0 (mod p).

Now we prove that for big enough d, the product P of primes less than d is at least d'09%0 - Agsume
10001-10002

d
d>2 2 . Notice that by Bertrand’s postulate, the biggest prime less than d is at least 3 the

d d
second biggest is at least 1 etc., and 10001-th biggest is at least 510001 - So

= 24"'210001 - 210001;0002 =

dd d leOOl > leOOO.

Now note that the number of quadruples where d < P i finite, because all the number
2024 10001-10002 2024 10001-10002

are bounded above by d and hence by 27 2 . When d > 27 2 we have abed <

di3:2024  g7000 gnd since P > d'%%% there exist at least two primes p and ¢, less than d, that do

not divide abed. But then by our first result, we have pq | a® + " — @ —d? so it cannot be prime.

Remark: The solution can be modified as follows. We can proceed in the first paragraph to conclude
that a® + b — ¢@ — d% is not prime. Indeed, if a® + b* — ¢ — d¥ = p where p < d then definitely
a > d (otherwise a = b = ¢ = d and a® + b* — ¢ — d¥ = 0). Hence

d>p=a®+0" — @ —d¥ > a — d¥ = (a(d+1)-...~a) - B

d!
> (ad“) A >t —d> A > P —d=(d—1)d > d,

contradiction. Then in the last paragraph, there is no need to find two primes less than d that do
not divide abcd, one is enough.

18] An infinite sequence aq, as, ... of positive integers is such that a,, > 2 and a2 divides a,11 + ay
for all n > 1. Prove that there exists a prime which divides infinitely many terms of the sequence.

Solution: Assume that every prime divides only finitely many terms of the sequence. In particular
this means that there exists an integer N > 1 such that 2 { a,, for alln > N. Let M = max(an, an+1)
We will now show by induction that a,, < M for all n > N. This is obvious forn = N andn = N+1.
Now let n > N + 2 be arbitrary and assume that a,_1,a,—2 < M. By the definition of NV, it is clear
that an—2,an—_1,a, are all odd and so a,, # an—1 + an—2, but we know that a, | ap—1 + an—2 and

therefore
ap—1 + Gp—9

- 2
by the induction hypothesis. This completes the induction.

an <max(an—1,a,-2) <M

This shows that the sequence is bounded and therefore there are only finitely many primes which
divide a term of the sequence. However there are infinitely many terms, that all have a prime
divisor, hence some prime must divide infinitely many terms of the sequence.

[19] Does there exist a positive integer N which is divisible by at least 2024 distinct primes and whose
positive divisors 1 = d; < dy < ... < dp = N are such that the number

is an integer?
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Answer: Yes.

de d3

d
Solution: For arbitrary positive integer N, we will write f(N) = — + — 4+ ... + —*_ Where

di  do dr—1

1=d; <ds <...<dp =N are all positive divisors of N. Let us prove by induction that for any
positive integer M there is a positive integer N with exactly M different prime divisors such that
f(N) is an integer.

e Base case: If M = 1, this is clearly true (any prime power N > 1 works).

e Induction step: Assume that the claim holds for M prime divisors. Let IV be a positive integer

with exactly M prime divisors such that f(N) is an integer. Pick a prime p > N. We claim
that there is some choice of « such that f (N -p®) is an integer. Note that since p > N, the
divisors of N - p® in the ascending order are

dlad27"'7dk7
pdl,de, <o 7pdk7

Hence we get that
SN -p%) =(a+1)f(N)+a- —.

d
The term (a+1) f(N) is an integer by the choice of N. If we pick « = N then a-— = N-

is an integer, too. Thus f (V- p®) is an integer and we are done.

[20) Positive integers a, b and c satisfy the system of equations

(a)
(b)

(ab—1)* = c(a® +b?) +ab+ 1,
a2+ 0% =+ ab.
Prove that ¢+ 1 is a perfect square.

Find all such triples (a, b, c).

Answer: (b) a=b=c=3.
Solution 1:

(a)

Rearranging terms in the first equation gives
a?b? — 2ab = c(a® + b?) + ab.
By substituting ab = a? 4+ b*> — ¢? into the right-hand side and rearranging the terms we get
a?b?® + % = (c+ 1)(a® + V) + 2ab.
By adding 2abc to both sides and factorizing we get
(ab+ c)* = (c+ 1)(a +b)*. (10)

Now it is obvious that ¢ 4+ 1 has to be a square of an integer.

Let us say ¢ + 1 = d?, where d > 1 and is an integer. Then substituting this into the
equation and taking the square root of both sides (we can do that as all the terms are
positive) we get

ab+d*> —1=d(a+b).

We can rearrange it to (a — d)(b—d) = 1, which immediately tells us that either a =b=d+1
or a =b=d— 1. Note that in either case a = b. Substituting this into the second equation of
the given system we get a? = ¢, implying a = ¢ (as a,c > 0).
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elfa=b=d—1,thena=cgivesd—1=d?—1,s0d =0 or d =1, neither of which gives
a positive ¢, so cannot be a solution.

elfa=b=d+1,thena=cgivesd+1=4d?>—1, sod>—d—2=0. The only positive
solution is d = 2 which gives a = b = ¢ = 3. Substituting it once again into both equations
we indeed get a solution.

Solution 2:

(a) Substituting a® 4 b? from the second equation to the first one gives
(ab—1)* =c(c® + ab) +ab+ 1.
Rearranging terms in the obtained equation gives
(ab)? — (c + 3)ab — 3 =0,
which we can consider as a quadratic equation in ab. Its discriminant is
D= (c+3)?+4c® =4+ +6c+9 = (c+1) (4> = 3c+9) = (c+1) (4(c — 1)* + 5(c +1)).

To have solutions in integers, D must be a perfect square. Note that c+1 and 4(c— 1)2 +5(c+1)
can have no common odd prime factors. Hence ged(c+ 1,4(c — 1) +5(c+ 1)) is a power of 2,
so ¢+ 1 and 4(c — 1) + 5(c+ 1) are either both perfect squares or both twice of some perfect
squares. In the first case, we are done. In the second case, note that

4e—1)2+5(c+1)=4(c—1)?=(2(c—1))* (mod 5),

s0 4(c — 1)? + 5(c + 1) must be 0, 1,4 modulo 5. On the other hand, twice of a perfect square
is 0,2,3 modulo 5. Consequently, ¢+ 1 =0 (mod 5) and 4(c —1)? +5(c+1) =0 (mod 5), the
latter of which implies ¢ — 1 = 0 (mod 5). This leads to contradiction since ¢ — 1 and ¢+ 1
cannot be both divisible by 5.

(b) By the solution of part (a), both ¢+ 1 and 4¢% — 3¢ + 9 are perfect squares. However, due
to ¢ > 0 we have (2¢ — 1)* = 4> —4c+ 1 < 4¢> — 3¢+ 9, and for ¢ > 3 we also have
(2¢)? = 4c* > 4¢® — 3¢+ 9. Thus 4¢* — 3¢ + 9 is located between two consecutive perfect
squares, which gives a contradiction with it being a square itself.

Out of ¢ =1,2,3, only ¢ = 3 makes c+ 1 a perfect square. In this case, the quadratic equation
(ab)?> — (c+3)ab— =0 yields ab=9,s0 a=1,b=9ora=3,b=3 or a = 9,b = 1. Out of
those, only a = 3,b = 3 satisfies the equations.

Remark: Part (a) of the problem can be solved yet another way. By substituting a? + b? from the
second equation to the first one, we obtain

(ab—1)> =c(c* +ab)+ab+1=c+1+abc+ab= (c+1)(c* — c+ 1+ ab).

Whenever an integer n divides ¢ + 1, it also divides ab — 1. Therefore ¢ = —1 (mod n) and ab =1
(mod n). But then ¢ —c+1+ab=4 (mod n), i.e., n divides ¢ — ¢+ 1 +ab— 4. Thus the greatest
common divisor of ¢ + 1 and ¢ — ¢ 4+ 1 + ab divides 4, i.e., it is either 1, 2 or 4. In the first and
third case we are done. If their greatest common divisor is 2, then clearly all three of a, b, ¢ are
odd, so a® = b* = ¢ = 1 (mod 8). Thus from the second equation we have ab = a® + b* — ¢* =
(mod 8), so (ab — 1) is divisible by 64. Now, if ¢ = 1 (mod 4), then ¢ — ¢+ 1+ ab = 2 (mod 4),
which means that (¢ +1)(c* — ¢+ 1+ ab) = 4 (mod 8), giving a contradiction with (ab — 1)? being
divisible by 64. If instead ¢ = 3 (mod 4), then ¢ — ¢+ 1+ ab=0 (mod 4). This means that both
c+1 and ¢® — ¢+ 1 + ab are divisible by 4, giving a contradiction with the assumption that their
greatest common divisor is 2. Therefore ¢ + 1 must be a perfect square.
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