
�iH�b2b b�+2MbŨ#�b FQK�M/m QHBKTB/2B Ǵ"�HiBD�b +2żȒǴ
kykjX ;�/� kjX b2Ti2K#`Bb- _Ũ;�

RX /B2M� UkV

_BbBMȒ�M�b H�BFb, 9 bimM/�b mM jy KBMɟi2bX
C�miDmKmb /`ŨFbi mx/Qi TB`KQ jy KBMɟȒm H�BFX
�iż�mib BxK�MiQi iBF�B `�FbiKTB2/2`mKmb- HBM2Hm mM +B`FmHBX

RX �i`�bi K�xFQ `2HQ FQMbi�MiB N �` ŨT�ȒŨ#m- F� D2#Fm`�K i`BDbiɟ`BK ABC- Fm`� K�Hm ;�`mKB �TxŨKĚiB
�` a < b < c- BxTBH/b M2pB2M/Ũ#�
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jX �` R �TxŨKĚbBK `2HQ bF�Biżm FQTmX �i`�bi pBb�b 7mMF+BD�b f : R → R- F�b /2}MĚi�b `2HB2K bF�BiżB2K-
TB2Ɯ2K `2H�b pĚ`iŨ#�b mM Fm`K pBbB2K `2HB2K x, y BxTBH/b

xf(y) + f(x+ y) ! (y + 1)f(x) + f(y).
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8X .Qib M2T`� M�im`Hb bF�BiHBb N ! 3X "�/KBMiQM� im`MŨ` TB2/�Hb N bTĚHĚiDBX SB`Kb im`MŨ`� bFmK�
HŨ/xDmiĚDB b�bi/� bTĚHĚiDmb `BM/ b2+Ũ;B TĚ+ i- +BF pBƜB2K H�#B ȒŵB2i bTĚHĚiDB- bFQi �` pBbH�#FQ mM #2B/xQi
�` pBbpDFQ UbTĚHĚiDm �` pB2M/B2K pĚ`iĚDmKB2K M�pVX hm`MŨ`� H�BF F�i`b bTĚHĚiDb BxbTĚHĚ pB2Mm bTĚHB T`2i
BFF�i`m +Bim bTĚHĚiDm- mM F�i` bTĚHĚ pB2Mb MQ bTĚHĚiDB2K mxp�`X a�mFbBK bTĚHB T�` T`bi2B/xQȒm- D� i�D
mxp�` bTĚHĚiDb- Fm`Ȓ HŨ/xDmiĚDm pĚ`iĚDmK #BD� MQpĚ`iĚib bHBFiF T�` b�pm T`2iBMB2FmX SĚ+ im`MŨ`� #2B;K
bTĚHĚiDB iB2F b�bi/ŨiB `BM/ TĚ+ ;ɟiQ mxp�`m bF�Bi�- bFQi �` bTĚHĚiDm- Fm`Ȓ mxp�`ĚD� pBbp�B`F bTĚHĚbX
:�/ŨDmK- D� p�B`FB2K bTĚHĚiDB2K B` pB2M/b mxp�`m bF�Bib- pBƜB b�p bi�`T iB2F b�F`iQiB TĚ+ HŨ/xDmiĚDm
pĚ`iĚDmK�- bFQi �` pBbH�#F MQpĚ`iĚiQX

Ax`/ŨDb- F� TĚ+ im`MŨ`� B2;ɟi bTĚHĚiDm `BM/� b�F`Ũi �` TB`Kb im`MŨ`� Bxp2B/QiQ `BM/mX E/b B` HB2HF�Bb
T`bi2B/xQȒm bTĚżm bF�Bib- F�b p�`ĚD� MQiBFi im`MŨ`\

eX �H7`Ě/b mM S2i`b bTĚHĚ bTĚHBX oBƜB2K B` FTM2b �` 56 T�FTB2MB2KX �H7`Ě/b bH2T2MB BxpĚH�b pB2Mm MQ
T�FTB2MB2K- mM i�/ S2i`� mx/2pmKb B` mxKBMĚi BxpĚHĚiQ T�FTB2Mm MQi2BFi p2B/ ě pBƜȒ bF bTĚHB FTƜm
�T�FȒ mM i�/ FTD �m;ȒmT T� FTMĚK- HŨ/x �TbiD�b mx b2pBb BxpĚHĚi� T�FTB2M�X C� ȒBb T�FTB2Mb B` �H7`Ě/�
BxpĚHĚi�Bb- i�/ S2i`b mxp�`X S`2iĚD ;�/ŨDmK �H7`Ě/b T�b�F�- p�B pBƜ� BxpĚHĚi�Bb T�FTB2Mb B` �m;biF p�B
x2KFX h�/ S2i`b �iF�H FTD Umx �m;Ȓm p�B H2DmV mx b2pBb BxpĚHĚim T�FTB2Mm ě D� i�b B` �H7`Ě/� BxpĚHĚi�Bb-
i�/ S2i`b mxp�`- D� M2- i�/ �H7`Ě/b T�b�F�- p�B pBƜ� BxpĚHĚi�Bb T�FTB2Mb B` �m;biF p�B x2KF- mM bTĚH2 Ȓ/B
im`TBMbX

S2i`b bTĚH2b H�BF /`ŨFbi �TbiiB2b mx M2 p�B`F F 6 T�FTB2MB2K- F �`Ũ pBƜȒ /`ŨFbi K�BMŨi b�pm FTȒ�M�b
pB`xB2Mm M2 p�B`F F 3 `2Bx2bX lx Fm`B2K T�FTB2MB2K UD� i/B B`V S2i`b /`ŨFbi �TbiiB2b b�p TB`K�D ;DB2M-
H�B ;�`�MiĚim- F�- T�`2BxB bTĚHĚDQi- pBƜȒ mxp�`Ěb UiXBX- bTĚH2b H�BF MQbibB2b mx �H7`Ě/� BxpĚHĚi T�FTB2M�V\

dX .Qib `2;mH`b n@biɟ`Bb- F�b b�/�HŨib n− 2 i`BDbiɟ`Qb �` n− 3 /B�;QMHĚK- F�b n@biɟ`� B2FȒB2MĚ b�p bi�`T
M2F`mbiQD�bX a�/�HŨDmKm b�m+ T�` /BpF`bm- D� i�D BxF`bQib F�i`b MQ i`BDbiɟ`B2K #�Hib p�B K2HMb i- F�
D2#Fm`B /BpB i`BDbiɟ`B- F�K B` FQTŨ;� K�H�- B` /�ʈ/b F`bbX a�mFbBK M�im`Hm bF�BiHB n ! 4 T�` H�#B /�HKm-
D� `2;mH`�K n@biɟ`BK 2FbBbiĚ /BpF`bm b�/�HŨDmKb i`BDbiɟ`Qb- F�K BxTBH/b ŨT�ȒŨ#� ě MQ F�i`�b n@biɟ`� pB`@
bQiM2b BxB2i p�B`F K2HMm i`BDbiɟ`m M2F #�HimX LQi2BFi pBbmb H�#B /�HKmb bF�BiżmbX

SB2xŨK2X h`BDbiɟ`Bb BxB2i MQ n@biɟ`� pB`bQiM2b- D� pB2M� MQ i`BDbiɟ`� pB`bQiMĚK B` �THɟFQi n@biɟ`� pB`bQiM2X
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3X SQH`BD�b p�HbiŨ 7 TQHB+BbiB ŵ2` x�;HB- F�b T`pB2iQD�b bi�`T TBHbĚiKX .Bp�b TBHbĚi�b iB2F b�mFi�b T�`
F�BKBƜB2K- D� ib b�pB2MQ iB2Ȓ� /BppB`xB2Mm /x2Hx+2ż� HŨMBD�X :�M TQHB+BbiB- ;�M x�;HBb T`pB2iQD�b bi�`T
TBHbĚiK- BxK�MiQDQi /x2Hx+2ż� HŨMBD�bX E�i`m /B2Mm pBbTB`Kb TQHB+BbiB pB2MH�B+Ũ;B p2B+ pB2Mm b�pm ;DB2Mm- mM
TĚ+ i�K x�;HBb p2B+ pB2Mm b�pm ;DB2MmX SQHB+Bbib b�p ;DB2M p�` BxpĚHĚiB2b T�HBFi TBHbĚi- Fm` pBƜȒ ȒQ#`Ũ/
�i`Q/�b- p�B �Bx#`�mFi mx F/m MQ F�BKBƜm TBHbĚiKX E�/ TQHB+BbiB B` p2BFmȒB b�pm ;DB2Mm- x�;HBb p�` b�p
;DB2M �Bx#`�mFi mx F/m MQ F�BKBƜm TBHbĚiK- D� i�D iQ#`Ũ/ M2�i`Q/�b M2pB2Mb TQHB+Bbib- p�B �`Ũ T�HBFi
b�p T�Ȓ`2BxĚD TBHbĚi- D� i�D M2�i`Q/�b M2pB2Mb TQHB+Bbib UDB2pĚ`Q- F� TQHB+Bbi� B2#`�mFȒ�M� TBHbĚi- Fm`
iQ#`Ũ/ �i`Q/�b x�;HBb- pĚH M2MQxŨKĚ- F� x�;HBb B` MQŵ2`ib mM T`Q+2bb �TbiD�bVX :�M TQHB+BbiB- ;�M x�;HBb pBbm
H�BFm xBM� pBbm +BHpĚFm �i`�Ȓ�Mb pB2im- F �`Ũ TQHB+BbiB b�p bi�`T b�/�`#QD�bX w�;HBb B` B2H2MFib- D� pBƜȒ b�p
;DB2M M2p�` �Bx#`�mFi mx M2pB2Mm MQ F�BKBƜm TBHbĚiKX

o�B B` B2bTĚD�Kb- F� SQH`BD 2FbBbiĚ i/b TBHbĚim mM /x2Hx+2ż� HŨMBDm BxF`iQDmKb- F�

Ç BFpB2M�B TBHbĚi�B B` iB2ȒB 7 F�BKBƜBc

Ç M�p B2bTĚD�Kb �Bx#`�mFi MQ TBHbĚi�b mM i�D �i;`B2xiB2b- BxK�MiQDQi K�xF M2F 7 /�ʈ/�b /x2Hx+2ż�
HŨMBD�b- BxƜ2KQi ;�/ŨDmKmb- F�/ #`�m+ĚDb MQH2KD #`�mFi T`2iĚD pB`xB2M T� F/m MQ �Bx#`�mFȒ�M�B
BxK�MiQi�DK /x2Hx+2ż� HŨMBDKc

Ç M2�iF�`Ũ;B MQ i- Fm` TBHbĚi B` x�;HBb mM MQ Fm`K TBHbĚiK TQHB+BbiB mxbF ŵ2`Ȓ�Mm- TQHB+BbiB pB2MKĚ`
p�` T�MFi- F� TĚ+ ;�HŨ;� /B2Mm bF�Bi� x�;HBb iB2F B2H2MFib\


