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Plāns

Šodien cent̄ısimies noskaidrot:

1 Kas ir algoritms

2 Kas ir Tjūringa maš̄ına

3 Ko noz̄ımē P un NP
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Matemātika

• Vārds “matemātika” cēlies no
grieķu µαθηµα, kas noz̄ımē
māc̄ıties, studēt

• Aristotelis matemātiku definēja
kā zinātni par daudzumiem

• Mūsdienās vairs nemākam
matemātiku definēt !
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zā
m

a
te

m
ā
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Matemātika

• Ģeometrijā:

• Tue-Morsa vārds:
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zā
m

a
te

m
ā
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Matemātika

• Ģeometrijā:

• Tue-Morsa vārds:

a
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Matemātika

• Ģeometrijā:

• Tue-Morsa vārds:
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Matemātika

• Ģeometrijā:

• Tue-Morsa vārds:

abba
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Matemātika

• Ģeometrijā:

• Tue-Morsa vārds:

abbabaab
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Matemātika
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Matemātika
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Pierād̄ıjums

Kā Grieķi pierād̄ıja, ka
√

2 nav skaitlis?

1 Pieņemsim, ka
√

2 ir skaitlis , tad varam izvēlēties
nesāısināmus m un n, lai

√
2 = m

n . (Grieķi pazina tikai
racionālus skaitļus.)

2 Tātad
m2

n2
= 2 un m2 = 2n2

3 Ja m ir nepārskaitlis, tad m2 ar̄ı būtu nepārskaitlis, bet tad
m2

n2 6= 2. Pretruna!
4 Tātad m ir pārskaitlis, t.i., m = 2k . Varam izteikt

2n2 = m2 = (2k)2 = 4k2

un iegūstam n2 = 2k2. Tātad ar̄ı n ir pārskaitlis.
5 Bet tā ir pretruna! Mēs taču sākumā izvēlējāmies

nesāısināmu daļu, un tad abi skaitļi reizē nevar būt
pārskaitļi.
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racionālus skaitļus.)
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Pierād̄ıjums
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4 Tātad m ir pārskaitlis, t.i., m = 2k . Varam izteikt

2n2 = m2 = (2k)2 = 4k2
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m2

n2 6= 2. Pretruna!
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nesāısināmus m un n, lai

√
2 = m
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Algoritmi

Dažreiz nepietiek ar formulām — kā bez kalkulatora saskait̄ıt

3881 + 2753 = ?

Varam saskait̄ıt stabiņā:

31 81 8 1
+ 2 7 5 3

6 6 3 4
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ā

ti
ka

s
u

n
iv

er
si

tā
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Algoritmi

x3 + 4x2 − 5x = 0

⇓

x(x2 + 4x − 5) = 0

↙ ↘

(x2 + 4x − 5) = 0 x = 0

↙ ↘
x = 1 x = −5
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s

Algoritmi

• Algoritms ir soļu uzskait̄ıjums,
kas jāveic, lai sasniegtu vēlamu
rezultātu.

• Tā nosaukts par godu izcilajam
Persiešu matemātiķim
Abū Abdullam Muhamedam
ibn-Musam al-Harizmi
(apm. 780–850 g.)
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Sarežǧ̄ıtāki algoritmi√
2 = 1.414213 . . .

2. 0 0 0 0 0 0 0 0 0 0 0 0
1

2 |4 1 0 0
9 6

2 8 |1 4 0 0
2 8 1

2 8 2 |4 1 1 9 0 0
1 1 2 9 6

2 8 2 8 |2 6 0 4 0 0
5 6 5 6 4

2 8 2 8 4 |1 3 8 3 6 0 0
2 8 2 8 4 1

2 8 2 8 4 2 |3 1 0 0 7 5 9 0 0
8 4 8 5 2 6 9

. . .
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s

Hilberta problēma

• Leibnics sapņoja uzbūvēt
maš̄ınu, kas manipulētu
matemātiskus simbolus un
pierād̄ıtu izteiksmes.

• Mūsdienu valodā mēs jautātu
“Vai iespējams atrast algoritmu,
kas pasaka, vai matemātiska
izteiksme ir patiesa?”

• Šo jautājumu formulējis
Dāvids Hilberts (1862.–1943.)
tālajā 1928. gadā.
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Neiespējam̄ıba
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Alonzo Čērčs un Alans Tjūrings
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Tjūringa maš̄ına

Q: q0

. . . . . .

�

• (q0, t) −→ (q0, (u,B))

• (q0,�) −→ (qF , (�,M))
. . .

• Vad̄ıbas bloks, ar gal̄ıgu skaitu stāvokļu.

• Lente (vai lentes), datu ievadei, apstrādei un izvadei

• Galva, kas norāda uz poz̄ıciju uz lentas

• Likumu saraksts
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zā
m

a
te

m
ā

ti
ka

s
u

n
iv

er
si

tā
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ā

ti
ka

s
u

n
iv

er
si

tā
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(q0, n,�) −→ (q0, (n,B), (�,M), (�,M)) paties̄ıbā 10 likumi:

1 (q0, 0,�) −→ (q0, (0,B), (�,M), (�,M))

2 (q0, 1,�) −→ (q0, (1,B), (�,M), (�,M))

3 (q0, 2,�) −→ (q0, (2,B), (�,M), (�,M))

4 (q0, 3,�) −→ (q0, (3,B), (�,M), (�,M))

5 (q0, 4,�) −→ (q0, (4,B), (�,M), (�,M))

6 (q0, 5,�) −→ (q0, (5,B), (�,M), (�,M))

7 (q0, 6,�) −→ (q0, (6,B), (�,M), (�,M))

8 (q0, 7,�) −→ (q0, (7,B), (�,M), (�,M))

9 (q0, 8,�) −→ (q0, (8,B), (�,M), (�,M))

10 (q0, 9,�) −→ (q0, (9,B), (�,M), (�,M))
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s

Tjūringa maš̄ına

. . . 1 7 5 + 3 9 3 . . .

. . . . . .

. . . . . .

Q: q1

+

�

�

Likums: (q0,+,�) −→ (q1, (+,B), (�,M), (�,M))



M
a

zā
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s
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ā

ti
ka

s
u

n
iv

er
si

tā
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Tjūringa maš̄ına
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. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 3 . . .
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Q: q3

5

3

�

Likums: (q2,+,�) −→ (q3, (+,C), (�,C), (�,C))
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Q: q3

5

3

�

Likums: (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))
vai (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))
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ā

ti
ka

s
u

n
iv

er
si

tā
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Q: q3

5

3

8

Likums: (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))
vai (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))
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. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 3 . . .
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Q: q3

7

9

�

Likums: (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))
vai (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))
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(q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C)) un
(q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))
paties̄ıbā 100 likumi:

1 (q3, 0, 0) −→ (q3, (0,C), (0,C), (0,C))

2 (q3, 0, 1) −→ (q3, (0,C), (1,C), (1,C))

3 (q3, 0, 2) −→ (q3, (0,C), (2,C), (2,C))
. . .

45 (q3, 4, 4) −→ (q3, (4,C), (4,C), (8,C))

46 (q3, 4, 5) −→ (q3, (4,C), (5,C), (9,C))

47 (q3, 4, 6) −→ (q4, (4,C), (6,C), (0,C))

48 (q3, 4, 7) −→ (q4, (4,C), (7,C), (1,C))
. . .

99 (q3, 9, 8) −→ (q4, (9,C), (8,C), (7,C))

100 (q3, 9, 9) −→ (q4, (9,C), (9,C), (8,C))
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Q: q3

7

9

�

Likums: (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))
vai (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s
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Q: q4

7

9

6

Likums: (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))
vai (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))
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ā

ti
ka

s
u

n
iv

er
si

tā
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. . . 1 7 5 + 3 9 3 . . .
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Q: q4
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Likums: (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))
vai (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))



M
a

zā
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. . . 1 7 5 + 3 9 3 . . .
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Q: q4

1
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Likums: (q4, n,m) −→ (q3, (n,C), (m,C), (n + m + 1,C))
vai (q4, n,m) −→ (q4, (n,C), (m,C), (n + m − 9,C))
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Tjūringa maš̄ına
(q4, n,m) −→ (q3, (n,C), (m,C), (n + m + 1,C)) un
(q4, n,m) −→ (q4, (n,C), (m,C), (n + m − 9,C))
paties̄ıbā atkal 100 likumi:

1 (q4, 0, 0) −→ (q3, (0,C), (0,C), (1,C))

2 (q4, 0, 1) −→ (q3, (0,C), (1,C), (2,C))

3 (q4, 0, 2) −→ (q3, (0,C), (2,C), (3,C))
. . .

45 (q4, 4, 4) −→ (q3, (4,C), (4,C), (9,C))

46 (q4, 4, 5) −→ (q4, (4,C), (5,C), (0,C))

47 (q4, 4, 6) −→ (q4, (4,C), (6,C), (1,C))

48 (q4, 4, 7) −→ (q4, (4,C), (7,C), (2,C))
. . .

99 (q4, 9, 8) −→ (q4, (9,C), (8,C), (8,C))

100 (q4, 9, 9) −→ (q4, (9,C), (9,C), (9,C))
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. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 3 . . .

. . . 6 8 . . .

Q: q4

1

3

�

Likums: (q4, n,m) −→ (q3, (n,C), (m,C), (n + m + 1,C))
vai (q4, n,m) −→ (q4, (n,C), (m,C), (n + m − 9,C))
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. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 3 . . .

. . . 5 6 8 . . .

Q: q3

1

3

5

Likums: (q4, n,m) −→ (q3, (n,C), (m,C), (n + m + 1,C))
vai (q4, n,m) −→ (q4, (n,C), (m,C), (n + m − 9,C))
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. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 3 . . .

. . . 5 6 8 . . .

Q: q3

�

�

�

Likums: (q4, n,m) −→ (q3, (n,C), (m,C), (n + m + 1,C))
vai (q4, n,m) −→ (q4, (n,C), (m,C), (n + m − 9,C))
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. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 3 . . .

. . . 5 6 8 . . .

Q: q3

�

�

�

Likums: (q3,�,�) −→ (qF , (�,M), (�,M), (�,M))
vai (q4,�,�) −→ (qF , (�,M), (�,M), (1,M))
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. . . 1 7 5 + 3 9 3 . . .
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Q: qF

�

�

�

Likums: (q3,�,�) −→ (qF , (�,M), (�,M), (�,M))
vai (q4,�,�) −→ (qF , (�,M), (�,M), (1,M))
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zā
m

a
te

m
ā

ti
ka

s
u

n
iv

er
si

tā
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Tjūringa maš̄ına

Kopā 245 likumi, kompakti uzrakstāmi kā

1 (q0, n,�) −→ (q0, (n,B), (�,M), (�,M))

2 (q0,+,�) −→ (q1, (+,B), (�,M), (�,M))

3 (q1, n,�) −→ (q1, (n,B), (n,B), (�,B))

4 (q1,�,�) −→ (q2, (�,C), (�,M), (�,M))

5 (q2, n,�) −→ (q2, (n,C), (�,M), (�,M))

6 (q2,+,�) −→ (q3, (+,C), (�,C), (�,C))

7 (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))

8 (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))

9 (q4, n,m) −→ (q3, (n,C), (m,C), (n + m + 1,C))

10 (q4, n,m) −→ (q4, (n,C), (m,C), (n + m − 9,C))

11 (q3,�,�) −→ (qF , (�,M), (�,M), (�,M))

12 (q4,�,�) −→ (qF , (�,M), (�,M), (1,M))



M
a

zā
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Tjūringa maš̄ına

. . . a b a a b a . . .

Q: q0

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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. . . b a a b a . . .

Q: a1

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a2

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b . . .

Q: ok

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b . . .

Q: ok

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b . . .

Q: ok

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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zā
m

a
te

m
ā
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Tjūringa maš̄ına

. . . b a a b . . .

Q: q0

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b1

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b1

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b2

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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zā
m

a
te

m
ā
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Tjūringa maš̄ına

. . . a a . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a . . .

Q: ok

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a . . .

Q: q0

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))



M
a

zā
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Tjūringa maš̄ına

. . . a . . .

Q: a1

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a . . .

Q: a2

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . . . .

Q: ok

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . . . .

Q: q0

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . 1 . . .

Q: qF

1

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . a b a a b a . . .

. . . q 0 . . .

Q: ??

q

a

q
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . a b a a b a . . .

. . . q 0 . . .

Q: ??

0

a

0
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . a b a a b a . . .

. . . q 0 . . .

Q: ??
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . a b a a b a . . .

. . . q 0 . . .

Q: ??

a

a

�
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . a b a a b a . . .

. . . q 0 . . .

Q: ??

p
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . a b a a b a . . .

. . . p . . .
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . a b a a b a . . .

. . . p . . .

Q: ??
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Universālā Tjūringa maš̄ına
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Universālā Tjūringa maš̄ına

. . . q 0 , a ⇒ p , � B . . .

. . . b a a b a . . .
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zā
m

a
te

m
ā
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Čērča-Tjūringa tēze

• Modernie datori atraduši ļoti plašu
pielietojumu

• Bioloǧiskie datori izmanto bioloǧiski
iegūtas molekulu sistēmas, piemēram -
DNS un protēınus, lai veiktu
skaitļošanas aprēķinus.
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Apstāšanās problēma

• Dažas Tjūringa maš̄ınas nekad neapstājas . . .

• un vispār̄ıgā gad̄ıjumā nevar pateikt, vai dota maš̄ına
apstāsies, vai nē.

• Uzc̄ıt̄ıgais bebrs ir Tjūringa maš̄ına, kas cenšas aizpild̄ıt
pēc iespējas lielu lentas apgabalu, bet tomēr apstājas.

• Vispār̄ıgā gad̄ıjumā nevar ar̄ı pateikt, kuřs no bebriem ir
visuzc̄ıt̄ıgākais.
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s

Apstāšanās problēma

• Dažas Tjūringa maš̄ınas nekad neapstājas . . .
• un vispār̄ıgā gad̄ıjumā nevar pateikt, vai dota maš̄ına

apstāsies, vai nē.

• Uzc̄ıt̄ıgais bebrs ir Tjūringa maš̄ına, kas cenšas aizpild̄ıt
pēc iespējas lielu lentas apgabalu, bet tomēr apstājas.

• Vispār̄ıgā gad̄ıjumā nevar ar̄ı pateikt, kuřs no bebriem ir
visuzc̄ıt̄ıgākais.
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Apstāšanās problēma

• Dažas Tjūringa maš̄ınas nekad neapstājas . . .
• un vispār̄ıgā gad̄ıjumā nevar pateikt, vai dota maš̄ına

apstāsies, vai nē.

• Uzc̄ıt̄ıgais bebrs ir Tjūringa maš̄ına, kas cenšas aizpild̄ıt
pēc iespējas lielu lentas apgabalu, bet tomēr apstājas.

• Vispār̄ıgā gad̄ıjumā nevar ar̄ı pateikt, kuřs no bebriem ir
visuzc̄ıt̄ıgākais.
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s

Apstāšanās problēma

• Dažas Tjūringa maš̄ınas nekad neapstājas . . .
• un vispār̄ıgā gad̄ıjumā nevar pateikt, vai dota maš̄ına

apstāsies, vai nē.

• Uzc̄ıt̄ıgais bebrs ir Tjūringa maš̄ına, kas cenšas aizpild̄ıt
pēc iespējas lielu lentas apgabalu, bet tomēr apstājas.

• Vispār̄ıgā gad̄ıjumā nevar ar̄ı pateikt, kuřs no bebriem ir
visuzc̄ıt̄ıgākais.
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Diofanta vienādojumi

• Diofanta vienādojums ir

P(x1, x2, . . . , xn) = 0,

kur P(x1, x2, . . . , xn) ir domāts polinoms ar main̄ıgajiem
x1, x2, . . . , xn un veseliem koeficientiem.

• Laikam slavenākais Diofanta vienādojuma piemērs:

x2 + y2 = z2

Piemēram, 32 + 42 = 52 bet ar̄ı 52 + 122 = 132.

• Hilberta 10. problēma, 1900.g.:
atrast algoritmu, kas pēc dota Diofanta vienādojuma
noskaidro, vai šim vienādojumam eksistē atrisinājums
veselos skaitļos.

• Teorēma (J. Matijasevičs, 1970. g.) Neeksistē algoritms,
kas pēc dota patvaļ̄ıga Diofanta vienādojuma noskaidro,
vai šim vienādojumam eksistē atrisinājums veselos skaitļos.
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Diofanta vienādojumi

• Diofanta vienādojums ir

P(x1, x2, . . . , xn) = 0,

kur P(x1, x2, . . . , xn) ir domāts polinoms ar main̄ıgajiem
x1, x2, . . . , xn un veseliem koeficientiem.

• Laikam slavenākais Diofanta vienādojuma piemērs:

x2 + y2 = z2

Piemēram, 32 + 42 = 52 bet ar̄ı 52 + 122 = 132.

• Hilberta 10. problēma, 1900.g.:
atrast algoritmu, kas pēc dota Diofanta vienādojuma
noskaidro, vai šim vienādojumam eksistē atrisinājums
veselos skaitļos.

• Teorēma (J. Matijasevičs, 1970. g.) Neeksistē algoritms,
kas pēc dota patvaļ̄ıga Diofanta vienādojuma noskaidro,
vai šim vienādojumam eksistē atrisinājums veselos skaitļos.
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Diofanta vienādojumi

• Diofanta vienādojums ir

P(x1, x2, . . . , xn) = 0,

kur P(x1, x2, . . . , xn) ir domāts polinoms ar main̄ıgajiem
x1, x2, . . . , xn un veseliem koeficientiem.

• Laikam slavenākais Diofanta vienādojuma piemērs:

x2 + y2 = z2

Piemēram, 32 + 42 = 52 bet ar̄ı 52 + 122 = 132.

• Hilberta 10. problēma, 1900.g.:
atrast algoritmu, kas pēc dota Diofanta vienādojuma
noskaidro, vai šim vienādojumam eksistē atrisinājums
veselos skaitļos.

• Teorēma (J. Matijasevičs, 1970. g.) Neeksistē algoritms,
kas pēc dota patvaļ̄ıga Diofanta vienādojuma noskaidro,
vai šim vienādojumam eksistē atrisinājums veselos skaitļos.
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Kas ir sarežǧ̄ıti?

Kā vieglāk sareizināt divus skaitļus?

137× 428 = ?
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Kas ir sarežǧ̄ıti?

Kā vieglāk sareizināt divus skaitļus?

137× 428 = ?

• Varam 137 reizes saskait̄ıt skaitli 428:

137 ∗ 428 = 428 + 428 + 428 + 428 + 428 + 428

+ 428 + 428 + 428 + 428 + 428 + 428 + 428 + 428 + 428

+ 428 + 428 + 428 + 428 + 428 + 428 + 428 + 428 + 428

+ 428 + 428 + 428 + 428 + 428 + 428 + 428 + 428 + 428

+ 428 + 428 + 428 + 428 + 428 + 428 + . . . = ???

Viegls algoritms?
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ā

ti
ka

s
u

n
iv

er
si

tā
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Kas ir sarežǧ̄ıti?

Kā vieglāk sareizināt divus skaitļus?

137× 428 = ?

• Varam reizināt stabiņā:

1 3 7
× 4 2 8

1 0 9 6
+ 2 7 4
+ 5 4 8

5 8 6 3 6

Esam atraduši atbildi: 137× 428 = 58636.
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zā
m

a
te

m
ā
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Tjūringa maš̄ına

. . . a b a a b a . . .

Q: q0

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b a . . .

Q: a1

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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. . . b a a b a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Q: a1

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Q: a2

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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. . . b a a b . . .

Q: ok

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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zā
m

a
te

m
ā
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. . . b a a b . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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. . . b a a b . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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. . . b a a b . . .

Q: ok

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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. . . b a a b . . .

Q: ok

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . b a a b . . .

Q: q0

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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zā
m

a
te

m
ā
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Tjūringa maš̄ına

. . . a a b . . .

Q: b1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b1

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s

Tjūringa maš̄ına

. . . a a b . . .

Q: b1

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a b . . .

Q: b2

b

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a . . .

Q: ok

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a a . . .

Q: ok

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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ā

ti
ka

s
u

n
iv

er
si

tā
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Tjūringa maš̄ına

. . . a a . . .

Q: q0

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a . . .

Q: a1

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a . . .

Q: a1

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . a . . .

Q: a2

a

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . . . .

Q: ok

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . . . .

Q: q0

�

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Tjūringa maš̄ına

. . . 1 . . .

Q: qF

1

(q0, �)−→ (qF , (1, M))
(q0, a)−→ (a1, (�, B ))
(q0, b)−→ (b1, (�, B ))
(a1, a/b)−→ (a1, (a/b, B ))
(a1, �)−→ (a2, (�, C ))
(b1, a/b)−→ (b1, (a/b, B ))
(b1, �)−→ (b2, (�, C ))
(ok, a/b) −→ (ok, (a/b,C))
(ok,�) −→ (q0, (�, B ))

(a2, a)−→ (ok, (�,C))
(a2, b)−→ (ne, (�,C))
(a2, �)−→ (qF , (1, M))
(b2, a)−→ (ne, (�,C))
(b2, b)−→ (ok, (�,C))
(b2, �)−→ (qF , (1, M))
(ne, a/b) −→ (ne, (�,C))
(ne,�) −→ (qF , (0, M))
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Lielā O pieraksts

• Raksta f (x) = O(xk), ja eksistē pozit̄ıva konstante C tāda,
ka visiem x > x0 izpildās sakar̄ıba:

|f (x)| ≤ C · |xk |.

• Piemērs: f (x) = 6x4 − 2x3 + 5.
Parād̄ısim, ka f (x) = O(x4). Izvēlamies par x0 = 1. Tad

|6x4 − 2x3 + 5| ≤ 6x4 + |2x3|+ 5

≤ 6x4 + 2x4 + 5x4

≤ 13x4.

• Kad runā par algoritma sarežǧ̄ıt̄ıbu pieņemts norād̄ıt
mazāko no klasēm, kam tas pieder.
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sarežǧ̄ıt̄ıbas klase P

• Sarežǧ̄ıt̄ıbas klasei P pieder visi algoritmi, kas pieder kādai
no š̄ım kopām:

O(n),O(n2),O(n3), . . . ,O(nk), . . .

• Eksistē algoritmi, par kuriem varam pateikt, ka to
sarežǧ̄ıt̄ıba ir starp kādām no š̄ım divām klasēm, piem.,

O(n) ( O(n log n) ( O(n2).

Piemēri:

1 Divu skaitļu saskait̄ı̌sanas algoritms pieder klasei O(n).

2 Simetrijas atpaz̄ı̌sanas algoritms (TM ar 1 lentu) pieder
klasei O(n2).
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sarežǧ̄ıt̄ıbas klase NP un NP-pilnas
problēmas

• Ir daudz problēmu, kurām nav
zināma “vienkāřsa”
(polinomiāla) algoritma
eksistence.

• Klase NP – problēmas, ko var
“vienkāřsi” pārbaud̄ıt.

• NP-pilnas problēmas ir
sarežǧ̄ıtākās no NP problēmām.
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zā
m

a
te

m
ā
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NP-pilnas problēmas piemērs

att.: Mugursomas sapakošanas problēma
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Saikne starp P un NP klasēm

NP

P

N
P
-p
il
n
a

NP-sarežģīta
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Saikne starp P un NP klasēm

P	=	NP
?
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1. uzdevums

1. Uzdevums
Konstruēt Tjūringa maš̄ınu, kas saskaita divus vienāda garuma
skaitļus, izmantojot tikai divas lentas. Par pamatu var izmantot
programmu, kas saskaita izmantojot tr̄ıs lentas.
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zā
m

a
te

m
ā
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1. uzdevums

Likumi saskait̄ı̌sanai ar tr̄ıs lentām:

1 (q0, n,�) −→ (q0, (n,B), (�,M), (�,M))

2 (q0,+,�) −→ (q1, (+,B), (�,M), (�,M))

3 (q1, n,�) −→ (q1, (n,B), (n,B), (�,B))

4 (q1,�,�) −→ (q2, (�,C), (�,M), (�,M))

5 (q2, n,�) −→ (q2, (n,C), (�,M), (�,M))

6 (q2,+,�) −→ (q3, (+,C), (�,C), (�,C))

7 (q3, n,m) −→ (q3, (n,C), (m,C), (n + m,C))

8 (q3, n,m) −→ (q4, (n,C), (m,C), (n + m − 10,C))

9 (q4, n,m) −→ (q3, (n,C), (m,C), (n + m + 1,C))

10 (q4, n,m) −→ (q4, (n,C), (m,C), (n + m − 9,C))

11 (q3,�,�) −→ (qF , (�,M), (�,M), (�,M))

12 (q4,�,�) −→ (qF , (�,M), (�,M), (1,M))
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tā
te

2
.

n
o

d
ar

b̄
ib

a
.

2
0

1
2

.
g

a
d

a
3

.
n

o
ve

m
b

ri
s

1. uzdevums — atrisinājums

Atrisinājumu raksta nevis uz trešās lentas, bet pāri otrai.

. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 3 . . .

Q: q3

5

3
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1. uzdevums — atrisinājums

Atrisinājumu raksta nevis uz trešās lentas, bet pāri otrai.

. . . 1 7 5 + 3 9 3 . . .

. . . 3 9 8 . . .

Q: q3

7

9
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1. uzdevums — atrisinājums
Programma, kas saskaita izmantojot divas lentas izskat̄ısies
sekojoši:

1 (q0, n,�) −→ (q0, (n,B), (�,M))

2 (q0,+,�) −→ (q1, (+,B), (�,M))

3 (q1, n,�) −→ (q1, (n,B), (n,B))

4 (q1,�,�) −→ (q2, (�,C), (�,M))

5 (q2, n,�) −→ (q2, (n,C), (�,M))

6 (q2,+,�) −→ (q3, (+,C), (�,C))

7 (q3, n,m) −→ (q3, (n,C), (n + m,C))

8 (q3, n,m) −→ (q4, (n,C), (n + m − 10,C))

9 (q4, n,m) −→ (q3, (n,C), (n + m + 1,C))

10 (q4, n,m) −→ (q4, (n,C), (n + m − 9,C))

11 (q3,�,�) −→ (qF , (�,M), (�,M))

12 (q4,�,�) −→ (qF , (�,M), (1,M))
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2.uzdevums

2.uzdevums Dota Tjūringa maš̄ına ar 2 lentām un šādu likumu
kopu:

(q0, n,�) → (q0, (n,�), (�,4))
(q0,�,�) → (q1, (�,�), (�,4))

(q1, 0,�) → (q2, (0,�), (�,4))
(q1, 1,�) → (q3, (1,�), (�,4))
(q1, 2,�) → (q4, (2,�), (�,4))
(q1, 3,�) → (q5, (3,�), (�,4))
(q1, 4,�) → (q2, (4,�), (�,4))
(q1, 5,�) → (q3, (5,�), (�,4))
(q1, 6,�) → (q4, (6,�), (�,4))
(q1, 7,�) → (q5, (7,�), (�,4))
(q1, 8,�) → (q2, (8,�), (�,4))
(q1, 9,�) → (q3, (9,�), (�,4))
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2.uzdevums

(q2, 0,�) → (qF , (0,4), (0,4))
(q2, 1,�) → (qF , (1,4), (2,4))
(q2, 2,�) → (qF , (2,4), (0,4))
(q2, 3,�) → (qF , (3,4), (2,4))
(q2, 4,�) → (qF , (4,4), (0,4))
(q2, 5,�) → (qF , (5,4), (2,4))
(q2, 6,�) → (qF , (6,4), (0,4))
(q2, 7,�) → (qF , (7,4), (2,4))
(q2, 8,�) → (qF , (8,4), (0,4))
(q2, 9,�) → (qF , (9,4), (2,4))
(q2,�,�) → (qF , (�,4), (0,4))
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ā

ti
ka

s
u

n
iv

er
si

tā
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2.uzdevums

(q3, 0,�) → (qF , (0,4), (1,4))
(q3, 1,�) → (qF , (1,4), (3,4))
(q3, 2,�) → (qF , (2,4), (1,4))
(q3, 3,�) → (qF , (3,4), (3,4))
(q3, 4,�) → (qF , (4,4), (1,4))
(q3, 5,�) → (qF , (5,4), (3,4))
(q3, 6,�) → (qF , (6,4), (1,4))
(q3, 7,�) → (qF , (7,4), (3,4))
(q3, 8,�) → (qF , (8,4), (1,4))
(q3, 9,�) → (qF , (9,4), (3,4))
(q3,�,�) → (qF , (�,4), (1,4))
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2.uzdevums

(q4, 0,�) → (qF , (0,4), (2,4))
(q4, 1,�) → (qF , (1,4), (0,4))
(q4, 2,�) → (qF , (2,4), (2,4))
(q4, 3,�) → (qF , (3,4), (0,4))
(q4, 4,�) → (qF , (4,4), (2,4))
(q4, 5,�) → (qF , (5,4), (0,4))
(q4, 6,�) → (qF , (6,4), (2,4))
(q4, 7,�) → (qF , (7,4), (0,4))
(q4, 8,�) → (qF , (8,4), (2,4))
(q4, 9,�) → (qF , (9,4), (0,4))
(q4,�,�) → (qF , (�,4), (2,4))
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2.uzdevums

(q5, 0,�) → (qF , (0,4), (3,4))
(q5, 1,�) → (qF , (1,4), (1,4))
(q5, 2,�) → (qF , (2,4), (3,4))
(q5, 3,�) → (qF , (3,4), (1,4))
(q5, 4,�) → (qF , (4,4), (3,4))
(q5, 5,�) → (qF , (5,4), (1,4))
(q5, 6,�) → (qF , (6,4), (3,4))
(q5, 7,�) → (qF , (7,4), (1,4))
(q5, 8,�) → (qF , (8,4), (3,4))
(q5, 9,�) → (qF , (9,4), (1,4))
(q5,�,�) → (qF , (�,4), (3,4))
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2.uzdevums

Ko uz 2. lentas izvad̄ıs Tjūringa maš̄ına, ja uz 1. lentas ievad̄ıts
skaitlis:

1 20

2 121

3 2135

4 vispār̄ıgā gad̄ıjumā? (Kādu algoritmu ı̄steno dotā Tjūringa
maš̄ına)



M
a

zā
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2.uzdevums – atrisinājums

Dotā Tjūringa maš̄ına atlikumu, ko dod ievad̄ıtais skaitlis, dalot
ar četri. Ievērojam, ka

• Pēc dalām̄ıbas paz̄ımem – skaitlis, dalot ar 4, dod tādu pašu
atlikumu, kādu dod skaitlis, ko veido tā pēdējie divi cipari.

• Ja skaitļa pēdējie divi cipari veido skaitli ab, tad dotais
skaitlis, dalot ar 4, dod tādu pašu atlikumu kā skaitlis:

2 · a + b.
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2.uzdevums – atrisinājums

Tāpēc

• ar stāvokļa q0 pal̄ıdz̄ıbu tiek atrastas skaitļa beigas;

• ar stāvokli q1 tiek noteikts, kādu atlikumu dod pēdējā
cipara veidotais skaitlis;

• pārejot uz stāvokļiem q2, q3, q4, q5 mēs “paturam prātā”
pēdējā cipara veidotā skaitļa atlikumu, dalot to ar 4
(attiec̄ıgi – atlikums 0,1,2,3);

• Esot kādā no stāvokļiem q2, q3, q4, q5 un attiec̄ıgajā laika
momentā redzot priekšpēdējo ciparu (ja tāda nav – redzam
tukšumu), izvadām attiec̄ıgo atlikumu.
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