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Kur meklét informaciju?

Internets: http://visc.gov.lv www.mathpuzzle.com
http://www.atlants.lv/

Reklameéjas, ka ir tukstoSiem ZPD.
lelikts J. Vihrova darbs Taisnstiiri no divu veidu heksamino,
Riga, 2009. /Piecas *****/

I. Balode, E. Petrova, Tris krasu probléma, 2009, Césis.

Jautat, rakstit tiem, kas varétu zinat, kam ir iepriekSeja pieredze...

MM U\> Matematika nepastav tada autoritasu

Publikacijas hierarhija ka, piemé&ram, religija, politika.
Ieprieksejo gadu ZPD
Seminari



A. b. CKoneHkos,

Pa3mbinieHus 00 UCCJIeI0BATEIbLCKUX 32/1a49aX 1M IIKOJIbHUKOB,
ITonHBIN OOHOBISEMBIN TEKCT HAXOAUTCS MO aJpecy:
www.mccme.ru/circles/oim/issl.pdf

Virknu enciklopédija (kops 1964) OEIS (https://oeis.org).
THE JOHN RIORDAN PRIZE

The On-Line Encyclopedia of Integer Sequences
Invites you to solve an open problem in an entry in the OEIS.

Der zinat:
It IS much easier to obtain a new
result in an unexplored domain.

The most important thing that a student should learn
from his supervisor Is that some question is still open.”
/V. Arnolds/



Nodraztas téemas

Fibonaci skaitli, fraktali, Pitagora teoréma

GOLDEN RATIO

MARIO LIVIO

Vai ZPD ir kas tads, ka nav literatara?



2014. gada ZPD temas

Algebriskas strukturas

Bezgaliga ritinu lapa un rinka linija

Telpiskas matricas

Matematiski par vienu diegu grafikas metodi
Simetrisku 15-heksu veidosana no pentaheksiem
Kadas taiSnu saimes 1paSibas

Galda speles ,,PHARAOH CODE” analize.
Polimino dzivotsp€jas problema

Heksamondu dvinites



2014. gada ZPD temas

A. Varkale, No pentamino saliekami simetriski 15-mino, 2014.
19 + P4, Bibl. 11, Bauskas gimnazija, 11. kl.
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Salikt simetrisku figiru no FNU -
Viena no griitak realizéjamam kombinacijam.
Diana Jakovleva, Taisnstiaru blivakie T-pakojumi,

Ezernieku vidusskola, 12. kl., 19 + P3, Bibl.7

Aleksejs Zajakins, Taisnstiiru parklasana ar T-tetramino,
22 + P12, Bibl. 6, Rigas 89. vidusskola, 11. KI.



Blivaka pakoSana

Apmainas spéle -27V )

Matematiskais saturs. Ar \V(n) apzimé€ maksimalo

V-pentamino skaitu, kadu var 1zvietot kvadratan x n .
Vispariga gadijuma skaitlu V(n) noteikSanas probléema nav atrisinata.

7

12468121418,

V(6) =6 V(7) =38

% / / V(8) = 12

J. Cernenoks



T-tetramino blivaka pakoSana
o .
0 2 3

-

Probléma. Vai kada taisnstiira blivakais pakojums var
saturét tikai vienu neparklatu kvadratu?



Dazi olimpiazu uzdevumi
un to visparinajumi

,,Kads ir lielakais T-veida figiru skaits |
(skat. 4.6. att.), kuras var ievietot rutinu
kvadrata 5 x 5? Figiiras nedrikst parklaties; tas
drikst but pagrieztas ar1 citadi, bet to malam
jaiet pa kvadrata rutinu malam.”

[PCK, 2010./2011. m.g.], [ABKZ, 2012] Risinajums — variantu parlase.

Atbilde 5. I I Nav iespéjams izvietot seSus T.

Uzdevuma visparinajums uz kvadratiem n x n jau izpetits.

4.6. att.

SKATIES!




Dianas Jakovlevas ZPD prezentacija
Komentari

Biit lietas kursa, ko ir izdarijusi citi.

Intereseties par jaunumiem,
vai apskatamo temu nav jau izpétijusi citi autori.

Labas, pievilcigas temas parasti peta ari citi



Taisnsturu blivakie
T-pakojumi

Darba autore:
Diana Jakovleva
12. Klase

Darba vaditaja:
Ezernieku vidusskolas matematikas skolotaja
Bronislava AndZane

2014



Kas Ir tetramino?

Tetramino — plaknes figiira, ko iegiist no 4 vienadiem
kvadratiem, pievienojot tos vienu otram pa vesela
garuma malam.

ILhar

[2] Cibulis A. Pastaigas Tetrapasaulé. Tetramino

https://www.mykoob.lv/?index/lis macibu materiali documents/cateqgory
[29/material/280/documentsshow/1#topic 280



https://www.mykoob.lv/?index/liis_macibu_materiali_documents/category/29/material/280/documentsshow/1#topic_280

Kas Ir T-pakojums?

T-pakojums — taisnstira parklajums ar T-tetramino.

=




Darba merKkis:
atrast taisnsturu blivakos T-parklajumus.

Darba uzdevumi:
1) iepazities ar uzdevumiem par T-tetramino;

2) atrast sakaribas starp dazadu 1zmeru kvadratu
malas garumu un brivo rutinu skaitu, parklajot Sos
kvadratus ar T-tetramino;

3) atrast metodes, ka 1egut blivakos kvadratu
parklajumus ar T-tetramino;

4) atrast metodi taisnsturu blivako T-parklajumu
legusSanail.



Tetramino uzdevumi

[1] ASV 31. Atklatas matematikas olimpiades uzdevumu krajums
http://mks.mff.cuni.cz/kalva/usa/usa02.html

[7] Top6aués H. B. Coopruk onumnuaonwvix 3a0au no mamemamuxe.

[5] Latvijas matematikas olimpiazu un konkursu uzdevumu arhivs
http://nms.lu.lv/uzdevumu-arhivs/latvijas-olimpiades/

[2] Cibulis A. Pastaigas Tetrapasaulée. Tetramino
https://www.mykoob.lv/?index/lis macibu materiali documents/category/
29/material/280/documentsshow/1#topic 280

,,NO .. ZIm&juma redzamajam figaram ( t.I.,T-tetramino un L-pentamino) salikt
taisnstiri ar laukumu 40 riitinas. Figiiras nedrikst parklaties un katra veida
figiira jaizmanto vismaz vienu reizi. (Figtras var biit pagrieztas vai apgrieztas
otradi.)” [5, LAMO 40. 5. 4. uzd.];

,,Vai taisnsttri, kas sastav no a) 19x30, b)16x16, ¢) 10x10 ratinam, var
sagriezt tadas figiras, kadas att€lotas .. zim. ( t.i., T-tetramino)?” [5, LAMO
19. 15. uzd.];


http://mks.mff.cuni.cz/kalva/usa/usa02.html
http://nms.lu.lv/uzdevumu-arhivs/latvijas-olimpiades/
https://www.mykoob.lv/?index/liis_macibu_materiali_documents/category/29/material/280/documentsshow/1#topic_280

Kvadrati (4n)x (4n)

Tatad, visus kvadratus 4N X 4N un arf taisnstiirus
4dm x 4n , kur m, n > 1, var salikt no T-tetramino.



Kvadrati (4n—2)x (4n-2)

Teoréma: Kvadrata (4n—2)x(4n—2), n > 1, blivakaja
T-pakojuma neparklatas paliek 4 ritinas.




Pieradijums

wEE

Pienemsim, ka eksisté kvadrata 4n 2 (4n — 2) salikums vispar
bez brivam rutinam. Tad 1r 1zmant0t1

(4n—-2)* 16n° —16n+4
4 4
Lietojot Saha galdina iekrasoSanas principu, iegiistam, ka melno un
balto rutinu skaits 1r vienads, un tas 1r parskaitlis:
(4n—-2)° 16n>-16+4
2 2

=4n® —4n+1=(2n-1)° tetramino.

=8n2 —8n+2=2(4n* —4n+1).



Kvadrati (2n—1)x (2n—1)

Teorema: Kvadrata (2n-1)x(2n—1) n > 1, eksiste
T-pakojums ar piecam neparklatam rttinam.

1. Kvadrati ar malas garumu 4k —1

o




2. Kvadrati ar malas garumu 4k +1

k4




Hipotéze. Kvadratu (2n—1)x (2n—1) blivakais
T-pakojums satur 5 neparklatas riitinas.

Kvadrats 3 x 3 Kvadrats 5x 5

e ji

Kvadrats 7 x 7




Taisnstairi (4k)x (4m+2)

Teorema: Taisnstiira (4K)x (4m+2) blivakaja parklajuma
ar T-tetramino neparklatas paliek 4 riitinas.

Valkupa teoréma; Lai taisnstiri & X D varétu sadalit
T-tetramino Ir nepieciesami un pietiekami, ka a un b
dalas ar 4.

6] Walkup D. A. Covering a rectangle with T-tetrominoes

http://www.jstor.org/discover/10.2307/2313337?uid=3738496&uid=2129&
uid=2&uid=70&uid=4&sid=21103172875731



http://www.jstor.org/discover/10.2307/2313337?uid=3738496&uid=2129&uid=2&uid=70&uid=4&sid=21103172875731

Secinajumi
1. Atrasta metode kvadratu (4n—2)x(4n—2) blivako
T-pakojumu 1eguiSanai un, 1zmantojot kvadrata rutinu
parklaSanu péc Saha galdina principa, pieradits, ka
neparklatas paliek 4 rutinas.
2. Atrasta metode kvadratu (2n—1)x (2n—1) blivako

T-pakojumu 1egtiSanai un pamatots, ka neparklatas
paliek 5 rutinas.

3. Uzradita vienkarSa metode taisnstiiru (4k ) x (4m + 2)
blivako T-pakojumu 1egtiSanai.



. Izmantojot Valkupa teorému, pamatots, ka taisnsttru
(4k)x (4m + 2) blivakais parklajums ar T-tetramino
satur 4 brivas ritinas.

. Zinatniski petnieciska darba rezultatus var izmantot
arpusklases nodarbibas, olimpiades, veidot jaunus
uzdevumus par T-tetramino.

. Darbu 1r 1esp€jams turpinat, apskatot taisnstiru
(4K)x (2m +1), (4k —2)x (4m-2), (2k +1)x (2m +1)
blivakos T-pakojumus.



T-tetramino

Aleksejs Zajakins, Taisnstiiru parklasana ar T-tetramino,

22 + P12, Bibl. 6, Rigas 89. vidusskola, 11. KI. (4, m=0(mod2)
f(10,m)=<6,m=3(mod4), m< 23
2, citiemm.
n

Robert Hochberg,
The Gap Number
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Preprint submitted to Elsevier March 27, 2014 (16 Ip.)
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Domino parklajumi un visparinajumi
Pirmais stimuls MO “Baltijas celS” tika iesutits Sads uzdevums:

(St. Petersburg, Baltic Way Proposals, 2013)

Does a figure exist on the squared plane
that can be split into dominoes by exactly 17 ways?

Vai katram n eksist€ polimino, kuru
no domino var salikt tieSi n veldos?

n=2%

[
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- [ ME




Fibonaci skaitli

Salikumu skaits — Fibonaci skaitli.

==
_I_

1+1 2+1 3+2 5+3 F=F_.+F_

Dazi autori raksta, ka tas esot parsteidzosi,
ka taisnsturu salikumu skaits no domino 1r Fibonaci skaitli.



MO uzdevuma atrisinajumi

‘ | ‘ ‘ Minimalais

16 +1 9+8 13+4

100=2-2-5-5

Ka iegut pirmskaitlus?



Acteku kristali

Aztec diamonds

n = ok(k+1)/2

nN=8 n=64 n=1024

Once a mathematician knows that they can do something, their next question will often
be, “But in how many ways?” One of the first significant results on tiling enumeration
was the following landmark theorem which was proven independently in 1961 by Fisher and
Temperley [3] and by Kastelyn [6].

Theorem: The number of tilings of a 2m x 2n checkerboard with dominoes is

T T .
i

mmn a2 J7 2 ke
' Jl:[l ;1:[1 <mb 2m + 1 + o on + 1) '

One glance at the formula should be enough to indicate just how remarkable it is. The

Norman Do, (2005) The Art of Tiling with Rectangles,
(Gazette 32, Vol.5, 302-307.)
http://users.monash.edu.au/~normd/documents/Mathellaneous-07.pdf



Problémas vesture

E. J. Friedman, www.stetson.edu/~efriedma/mathmagic/0500.html
Problem of the Month (May 2000)

A few months ago, | became interested in the number of ways to tile
variously shaped checkerboards with dominoes.

Let D(n) be the smallest number of squares on a checkerboard

that has exactly n domino tilings.

What are the values of D(n) for small n?

What is D(2000)? Does D(n) exist for every n?

Here are some other questions about domino tilings:
How many 2n-ominoes can be tiled with n dominoes?

Among these 2n-ominoes,
which can be tiled with dominoes in the most ways?



Risinasanas idejas

Atrast tadu figtru virkni, kurai ir speka nevis Fibonaci, bet Sada
sakariba:

a =a,,+1

Pirmie So ideju ir realiz€jusi Brendan Owen, Alexandre Muniz,
and Timothy Luffingham, tad€jadi pieradot, ka skaitli D(n)
vienmer eksiste.

Vinu pieradijums ir konstruktivs un raksturojams ka SKATIES!

2 3=2+1 4 =3+1

S1 konstrukcija neder visparinajumam uz taisnstiriem.



Cita konstrukcija

2 3

A

S

I

foiteas

e

A060659 a(n) = smallest number of squares on a checkerboard
that has exactly n domino tilings.

2,4,6,8, 8,10, 10, 10, 12, 12, 12, 12, 12, 14, 14, 14, 14, 14, 14,
16, 14, 16, 16, 16, 16, 16

Nav

monotonitates



Visparinajumi

Problema. Noskaidrot, kuriem tetramino piemit 1pasiba:
katram n eksisté polimino, kuru no tetramino var salikt

ties1 n veldos.

Ir viens tetramino, kuram §1 1pasSiba nepiemit.

Problema. Tas pats jautajums par pentamino.



Tetramino T

Vai katram n eksiste polimino, kuru
no tetramino T var salikt tie$i n veldos?

| ----| -....I E== 1) |I'-
L Ll Ll == T
1 2 3 4 2+1=3 3+2=5
S
AC::2 IMLIgE:
o [= U |
|| l--l._l
+t T
2 3 |:n:Fn—l_'_I:n—Z

Uzdevums. Atrast figiiru, kuru no T var salikt tieSi 7 veidos.
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Figiiru papildinasanas problema
Figuiras A papildinat ar figuram B Iidz taisnsturim.
Taisnstura salikSana no divu tipu figtiram.

Vienkarss un MO pazistams uzdevums:
Krustinu (pentamino X) papildinat ar domino lidz taisnstirim.
Taisnstiura salikSana no divu tipu figiram.

Minimalais taisnsturis



Krustina papildinasanas probléma

Probléemas: Minimalais figaru skaits;
Minimalais kvadrats, taisnstaris.

Vai 2 ir minimalais krustinu skaits, ko iespéjams
papildinat ar domino lidz taisnsturim?

Iekraso taisnstiiri péc Saha galdina principa.

Ievero, ka krustins parklaj (4, 1).

Pieradit, ka krustinus iespejams papildinat lidz
kadam taisnstirim ar 1 X 3.



Pentamino X papildinasana ar 1 X 3

Olgas RogoZenko atrisinajums,
10. klase., Rigas 10. vidusskola.

Vai X iespejams papildinat (Iidz taisnstarim) ar 1 X 47



B= V-trimino papildinasana ar

Teorema. Vienu V-trimino nav iespéjams papildinat Iidz taisnstiirim.

MO uzdevums par 9 x 9 sadaliSanu divu veidu figiiras.

(27, 27, 27).

B .22
B @)




V-trimino papildinasana

Minimalais taisnstiuris

Vai eksisté taisnstiiris, kuru Vai eksiste taisnstaris, kuru
var sadalit tris stiirisos un var sadalit tris stariSos un
taisnstiiros 1 & 3 ? taisnstiros 2 & 3 7?



Heksamino

No J. Vihrova ZPD Taisnstiiri no divu veidu heksamino, 2008

Lielakais taisnsturis ZPD
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Heksamino

uris?

Vai eksisté mazaks taisnst
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20x120

http://recreationalmath.org/PolyPages/index.htm



Minu izvietosanas uzdevumi

It
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3, 4,7
/\\

e

l

ioeck

el

5

Var gadities, ka ZPD rezultati nebus nekas jauns

#

i

1, 2, 3, 4, 7, 10, 12,7

http://oels.org



Figuru saderibas probléma

D1. Divas figuras sauc par saderigam, ja tam eksisté kopigs dalamais.
D2. Divas figuras A un B sauc par saderigam, ja eksist€ tada ierobeZota
figira C, kuru var salikt (bez parklasanas) gan no figiras A,
gan no figiiras B kopijam.
Sadu figiiru C sauc par A un B kopigo dalamo.

1. ZPD par saderibu.

Margarita Lukjanska, Tetramondu, pentamondu un heksamondu saderiba
Budapesta, 2003; Londona, 2004.

/\ - Polimondu pamatelements

VSN NN
RS A

KD MKD




Polimino saderibas problema

[ - polimino pamatelements
Par polimino sauc plaknes figiiru, kas sastav no vienibas kvadratiem,

kas pievienoti viens otram pa vesela garuma malam.

Ja polimino sastav tiesi no N kvadratiem to sauc par N-mino

Pirmos seSus N-mino sauc attiecigi par:
monomino, domino, trimino, tetramino, pentamino un heksamino.

Neatrisinata probléma!

i




Domino saderibas probléma

2 22 2 2 2 2 2 2 4 2 2

Ir tikai viens pentamino, kura MKD sastav no 4 kopijam




Jaunumi domino saderibas probléma

Septiniem 13-mino (no 238591) zinamie KD parsniedz 8 kopijas.

?ﬁ%}éﬁ%#ﬁ

27.02.2015 12 12
J. Cernenoks / Vai iespéjams 1egut mazakus KD?
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Jaunumi saderibas probléma
http://userpages.monmouth.com/~colonel/nincom/

Saderiba ar L-tetramino | http://www.iread.it/Poly/index.php

Giovanni Resta showed that
the L tetromino Is compatible with
all polyominoes of order 10 or less,

Dekamino skaits ir 4655.

11-min0 sa_de:riba ar L-tetramino \Aai tas it MKD?
11-mino skaits ir 17073.

KD eksistence Saubas nerada.

St & 1



Jaunums penta-heksa saderiba

G. Sicherman, 5.3.2015.



