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Kā dalīt ar 

nulli un bezgalību ?!

LU FMF docente

Ingrīda Uļjane

M
a

z
ā

 m
a

te
m

ā
ti
k
a
s
 u

n
iv

e
rs

it
ā

te
  
  

  
  

  
  

 

2
0

1
6

. 
g
a

d
a

 5
. 
m

a
rt

s



Saturs

Vēsture

Kā dalı̄t ar bezgalı̄bu?!

Kā dalı̄t ar nulli?!

Kā novērst nenoteiktı̄bu ∞∞ ?

Kā novērst nenoteiktı̄bas 0
0?

Kā novērst nenoteiktı̄bu∞−∞?



Zeno paradoks
(Zeno no Eleas dzīvoja 490-430 gados p.m.e. tagadējās Itālijas dienvidos.)

Katru reizi, kad Ahilejs sasniedzis nākamo atzīmes punktu, bruņurupucis 
ticis par vienu tālāk. Tā Ahillejs nenoķers bruņurupuci!?



Taisnstūra laukums

 



Riņķa laukums



Ņūtons un Leibnics

 

Strādājot ar bezgalı̄gi maziem lielumiem, neatkarı̄gi viens no
otra guva ievērojamus rezultātus diferenciālrēķinu jomā.



Barons Augustı̄ns Luiss Košı̄ (1789 - 1857)

 
 

 

Franču matemātiķis barons Augustı̄ns Luiss Košı̄ pirmais
matemātiski precı̄zi formulēja funkcijas robežas definı̄ciju.



Funkcijas robežas definı̄cija

lim
x→c

f (x) = L

Definı̄cijas ideja:
Jo tuvāk x atrodas punktam c, jo mazāk funkcijas vērtı̄ba f (x) atšķiras no L.

 



Funkcijas robežas definı̄cija

 

Definı̄cija
lim
x→c

f (x) = L tad un tikai tad, ja katram ε > 0 var atrast δ > 0 tādu,

ka visiem x , kas no c atrodas tuvāk kā δ attālumā, bet nesakrı̄t ar c
funkcijas vērtı̄ba f (x) no L atšķiras mazāk par ε.

lim
x→c

f (x) = L⇐⇒ ∀ ε > 0 ∃ δ > 0 ∀x 6= c : |x−c| < δ |f (x)−L| < ε



Funkcijas robežas aprēķināšanas piemēri

lim
x→1

x + 2
x2 + 3

=
3
4

lim
x→−4

x2 − 2
2−x =

16− 2
24 =

14
16

=
7
8



Kā dalı̄t ar bezgalı̄bu?!

lim
x→+∞

1
x

= 0⇐⇒ ∀ ε > 0 ∃ δ > 0 ∀x : x > δ 0 <
1
x
< ε

lim
x→−∞

1
x

= 0⇐⇒ ∀ ε > 0 ∃ δ > 0 ∀x : x < −δ − ε < 1
x
< 0

lim
x→∞

1
x

= 0⇐⇒ ∀ ε > 0 ∃ δ > 0 ∀x : |x | > δ

∣∣∣∣1x
∣∣∣∣ < ε



Funkcijas robežas aprēķināšanas piemēri

lim
x→+∞

5
x3 = 0

lim
x→∞

30000
x5 = 0

lim
x→∞

100
x7 + 7

= 0

lim
x→+∞

50
x5 − 700

= 0



Funkcijas robežas aprēķināšanas piemēri

lim
x→+∞

(4−x + 3−x) = lim
x→+∞

(
1
4x +

1
3x

)
=

= lim
x→+∞

1
4x + lim

x→+∞

1
3x = 0 + 0 = 0



Funkcijas robežas aprēķināšanas piemēri

lim
n→+∞

(
1
n2 +

2
n2 +

3
n2 + ...+

2n
n2

)

= lim
n→+∞

1 + 2 + 3 + ...+ 2n
n2 = lim

n→+∞

(2n + 1)n
n2 =

= lim
n→+∞

2n2 + n
n2 = lim

n→+∞

(
2 +

1
n

)
= 2



Kā dalı̄t ar nulli?!

lim
x→0+

1
x

= +∞⇐⇒ ∀ ε > 0 ∃ δ > 0 ∀x : 0 < x < δ
1
x
> ε

lim
x→0−

1
x

= −∞⇐⇒ ∀ ε > 0 ∃ δ > 0 ∀x : −δ < x < 0
1
x
< −ε

lim
x→0

1
x

=∞⇐⇒ ∀ ε > 0 ∃ δ > 0 ∀x : x 6= 0& |x | < δ

∣∣∣∣1x
∣∣∣∣ > ε



Funkcijas robežas aprēķināšanas piemēri

lim
x→2+

1
x − 2

= +∞

lim
x→2−

1
x − 2

= −∞

lim
x→2

1
x − 2

=∞



Funkcijas robežas aprēķināšanas piemēri

lim
x→1

3
(x − 1)2 = +∞

lim
x→7

−5
(x − 7)4 = −∞



Funkcijas robežas aprēķināšanas piemēri

lim
x→5

1
(x − 5)3

lim
x→−3

3
(3 + x)2

lim
x→−7

−7
(7− x)6



Kā novērst nenoteiktı̄bu ∞∞ ?

lim
x→∞

x2 + 1
3x2 + 2

= lim
x→∞

x2

x2 + 1
x2

3x2

x2 + 2
x2

=

= lim
x→∞

1 + 1
x2

3 + 2
x2

=
1
3



Kā novērst nenoteiktı̄bu ∞∞ ?

lim
x→+∞

x + 4x3 + 5x5

−x2 − 6x5 =

= lim
x→+∞

x
x5 + 4x3

x5 + 5x5

x5

−x2

x5 − 6x5

x5

=

= lim
x→∞

1
x4 + 4

x2 + 5

− 1
x3 − 6

= −5
6



Kā novērst nenoteiktı̄bu ∞∞ ?

lim
x→+∞

x5 + 7
2x3 + 5x2 + x

=

= lim
x→+∞

x5

x5 + 7
x5

2x3

x5 + 5x2

x5 + x
x5

=

= lim
x→+∞

1 + 7
x5

2
x2 + 5

x3 + 1
x4

= +∞



Kā novērst nenoteiktı̄bu ∞∞ ?

lim
x→∞

x7 + x2 + 5
x9 + 5x8 + x7 + 5

=

= lim
x→∞

x7

x9 + x2

x9 + 5
x9

x9

x9 + 5x8

x9 + x7

x9 + 5
x9

=

= lim
x→∞

1
x2 + 1

x7 + 5
x9

1 + 5
x + 1

x2 + 5
x9

= 0



Kā novērst nenoteiktı̄bu ∞∞ ?

lim
x→+∞

x5 − x2 + 1
x8 − 5x5 + x2 + 3

=

= lim
x→+∞

x5

x8 − x2

x8 + 1
x8

x8

x8 − 5x5

x8 + x2

x8 + 3
x8

=

= lim
x→+∞

1
x3 − 1

x4 + 1
x8

1− 5
x3 + 1

x6 + 3
x8

= 0



Kā novērst nenoteiktı̄bu ∞∞ ?

1)

lim
x→+∞

x2 − 3x + 2
8x2 − 5x + 3

2)

lim
x→+∞

x3 − 5x2 + 2
5x2 − 5x + 1

3)

lim
x→∞

5x3 − 5x2 + 2
3x7 − 2x + 1



Kā novērst nenoteiktı̄bu 0
0?

lim
x→1

x2 − 4x − 5
x2 − 2x − 3

=

= lim
x→1

(x − 1)(x + 5)

(x − 1)(x + 3)
=

= lim
x→1

x + 5
x + 3

=
6
4

=
3
2



Kā novērst nenoteiktı̄bu 0
0?

lim
x→2

x3 − 8
x2 + x − 6

=

= lim
x→2

(x − 2)(x2 + 2x + 4)

(x − 2)(x + 3)
=

= lim
x→2

x2 + 2x + 4
x + 3

=
12
5



Kā novērst nenoteiktı̄bu 0
0?

lim
x→4

1−
√

x − 3
x2 − 16

= lim
x→4

(1−
√

x − 3)(1 +
√

x − 3)

(x2 − 16)(1 +
√

x − 3)
=

= lim
x→4

1− (x − 3)

(x2 − 16)(1 +
√

x − 3)
=

= lim
x→4

4− x
(x2 − 16)(1 +

√
x − 3)

=

= lim
x→4

4− x
(x − 4)(x + 4)(1 +

√
x − 3)

=

= lim
x→4

−1
(x + 4)(1 +

√
x − 3)

= − 1
16



Kā novērst nenoteiktı̄bu 0
0?

lim
x→0

3
√

1 + x2 − 1
x2 = lim

x→0

(
3
√

1 + x2 − 1)( 3
√

(1 + x2)2 +
3
√

1 + x2 + 1)

x2( 3
√

(1 + x2)2 +
3
√

1 + x2 + 1)
=

= lim
x→0

1 + x2 − 1
x2( 3
√

(1 + x2)2 +
3
√

1 + x2 + 1)
=

= lim
x→0

x2

x2( 3
√

(1 + x2)2 +
3
√

1 + x2 + 1)
=

= lim
x→0

1
3
√

(1 + x2)2 +
3
√

1 + x2 + 1
=

1
3



Kā novērst nenoteiktı̄bu 0
0?

lim
x→1

√
5− x − 2√
2− x − 1

= lim
x→1

(
√

5− x − 2)(
√

5− x + 2)

(
√

2− x − 1)(
√

5− x + 2)
=

= lim
x→1

5− x − 4
(
√

2− x − 1)(
√

5− x + 2)
= lim

x→1

1− x
(
√

2− x − 1)(
√

5− x + 2)
=

= lim
x→1

(1− x)(
√

2− x + 1)

(
√

2− x − 1)(
√

2− x + 1)(
√

5− x + 2)
=

= lim
x→1

(1− x)(
√

2− x + 1)

(2− x − 1)(
√

5− x + 2)
= lim

x→1

(1− x)(
√

2− x + 1)

(1− x)(
√

5− x + 2)
=

= lim
x→1

(
√

2− x + 1)

(
√

5− x + 2)
=

2
4

=
1
2



Kā novērst nenoteiktı̄bu 0
0?

1)

lim
x→1

x2 + 4x − 5
x2 − 8x + 7

2)

lim
x→1

3
√

x − 1
x2 + 3x − 4

3)

lim
x→4

x2 − x − 12√
x − 2



Kā novērst nenoteiktı̄bu∞−∞?

lim
x→2

(
1

x − 2
− 2

x2 − 4

)
=

= lim
x→2

(
x + 2

(x − 2)(x + 2)
− 2

x2 − 4

)
=

= lim
x→2

x + 2− 2
x2 − 4

=

= lim
x→2

x
x2 − 4

=∞



Kā novērst nenoteiktı̄bu∞−∞?

lim
x→+∞

(
√

x2 + 2x−x) = lim
x→+∞

(
√

x2 + 2x − x)(
√

x2 + 2x + x)

(
√

x2 + 2x + x)
=

= lim
x→+∞

x2 + 2x − x2
√

x2 + 2x + x
=

= lim
x→+∞

2x√
x2 + 2x + x

=

= lim
x→+∞

2x
x√

x2

x2 + 2x
x2 + x

x

=

= lim
x→+∞

2√
1 + 2

x + 1
= 1



Kā novērst nenoteiktı̄bu∞−∞?

1)

lim
x→2

(
1

x − 2
− 12

x3 − 8

)
2)

lim
x→∞

(
x2

x + 3
− x

)
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