
Klasiskās nevienād̄ıbas - atrisinājumi

1.uzdevums. Doti reāli pozit̄ıvi skaitļi x, y, z ar ı̄paš̄ıbu, ka xy + yz + zx = 27. Pierād̄ıt, ka

x+ y + z �
p
3xyz.

Atrisinājums. No AM-GM nevienād̄ıbas izriet, ka

27 = xy + yz + zx � 3 3
p

x2y2z2 =) 9 � 3
p

x2y2z2 =) 36 � x2y2z2 =) 27 = 33 � xyz

L̄ıdz ar to varam secināt, ka 9 =
p
81 �

p
3xyz, kas noz̄ımē, ja mēs pierādām, ka x + y + z � 9, tad

uzdevums ir atrisināts. Veiksim ekvivalentus pārveidojumus

x+ y + z � 9

(x+ y + z)2 � 81

(x+ y + z)2 � 3(xy + yz + zx)

x2 + y2 + z2 � xy + yz + zx

2x2 + 2y2 + 2z2 � 2xy + 2yz + 2zx

(x� y)2 + (y � z)2 + (z � x)2 � 0

Pēdējā nevienād̄ıba ir patiesa, jo reālu skaitļu kvadrātu summa ir nenegat̄ıvs lielums. L̄ıdz ar to pras̄ıtā
nevienād̄ıba ir pierād̄ıta.
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2.uzdevums. Doti pozit̄ıvi reāli skaitļi a, b, c ar ı̄paš̄ıbu, ka a+ b+ c = 1. Pierād̄ıt, ka

a+ 1p
a+ bc

+
b+ 1p
b+ ca

+
c+ 1p
c+ ab

� 2

a2 + b2 + c2
.

Atrisinājums. Ievērosim, ka

a+ bc = a · 1 + bc = a(a+ b+ c) + bc = (a+ b)(a+ c)

Analo ‘giski varam iegūt, ka b + ca = (b + a)(b + c) un c + ab = (c + a)(c + b). L̄ıdz ar to mēs varam
pārrakst̄ıt doto nevienād̄ıbu

a+ 1p
a+ bc

+
b+ 1p
b+ ca

+
c+ 1p
c+ ab

� 2

a2 + b2 + c2
.

(a+ b) + (a+ c)p
(a+ b)(a+ c)

+
(b+ c) + (b+ a)p

(b+ c)(b+ a)
+

(c+ a) + (c+ b)p
(c+ b)(c+ a)

� 2

a2 + b2 + c2

No AM-GM nevienād̄ıbas izriet, ka

(a+ b) + (a+ c) � 2
p

(a+ b)(a+ c) =) (a+ b) + (a+ c)p
(a+ b)(a+ c)

� 2

Analo ‘giski mēs varam iegūt, ka

(b+ c) + (b+ a)p
(b+ c)(b+ a)

� 2

(c+ a) + (c+ b)p
(c+ b)(c+ a)

� 2

L̄ıdz ar to varam secināt, ka

(a+ b) + (a+ c)p
(a+ b)(a+ c)

+
(b+ c) + (b+ a)p

(b+ c)(b+ a)
+

(c+ a) + (c+ b)p
(c+ b)(c+ a)

� 2 + 2 + 2 = 6

Ja mēs pierād̄ıtu, ka

6 � 2

a2 + b2 + c2
=) 3(a2 + b2 + c2) � 1,

tad uzdevums būtu atrisināts. Taču ievērosim, ka

3(a2 + b2 + c2) � 1

3(a2 + b2 + c2) � (a+ b+ c)2

3a2 + 3b2 + 3c2 � a2 + b2 + c2 + 2ab+ 2bc+ 2ca

2a2 + 2b2 + 2c2 � 2ab+ 2bc+ 2ca

(a� b)2 + (b� c)2 + (c� a)2 � 0

Pēdējā nevienād̄ıba ir patiesa, jo reālu skaitļu kvadrātu summa ir nenegat̄ıvs lielums. L̄ıdz ar to pras̄ıtā
nevienād̄ıba ir pierād̄ıta.
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3.uzdevums. Doti pozit̄ıvi reāli skaitļi x, y, z ar ı̄paš̄ıbu, ka 1
x + 1

y +
1
z = 2. Pierād̄ıt, ka

p
x+ y + z �

p
x� 1 +

p
y � 1 +

p
z � 1.

Ievērosim, ka doto nosac̄ıjumu var pārrakst̄ıt šādā veidā

1

x
+

1

y
+

1

z
= 2

�1

x
� 1

y
� 1

z
= �2

1� 1

x
+ 1� 1

y
+ 1� 1

z
= 1

x� 1

x
+

y � 1

y
+

z � 1

z
= 1

Pārrakst̄ısim pierādāmo nevienād̄ıbu

x+ y + z �
�p

x� 1 +
p

y � 1 +
p
z � 1

�2

No Koš̄ı nevienād̄ıbas izriet, ka

1 · (x+ y + z) =

✓
x� 1

x
+

y � 1

y
+

z � 1

z

◆
· (x+ y + z) � (

p
x� 1 +

p
y � 1 +

p
z � 1

�2

L̄ıdz ar to secinām, ka pras̄ıtā nevienād̄ıba ir pierād̄ıta.
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4.uzdevums Doti pozit̄ıvi reāli skaitļi a, b, c. Pierād̄ıt, ka

a3 + 3b3

5a+ b
+

b3 + 3c3

5b+ c
+

c3 + 3a3

5c+ a
� 2

3
(a2 + b2 + c2).

Atrisinājums. Pārrakst̄ısim doto nevienād̄ıbu sekojošā veidā

a3 + 3b3

5a+ b
+

b3 + 3c3

5b+ c
+

c3 + 3a3

5c+ a
� 2

3
(a2 + b2 + c2)

a3

5a+ b
+

3b3

5a+ b
+

b3

5b+ c
+

3c3

5b+ c
+

c3

5c+ a
+

3a3

5c+ a
� 2

3
(a2 + b2 + c2)

✓
a3

5a+ b
+

b3

5b+ c
+

c3

5c+ a

◆
+ 3

✓
b3

5a+ b
+

c3

5b+ c
+

a3

5c+ a

◆
� 2

3
(a2 + b2 + c2)

Pirmajos 2 š̄ı mājasdarba uzdevumos mēs pierād̄ıjām, ka a2 + b2 + c2 � ab + bc + ca. Šo faktu mēs
izmantosim, lai atrisinātu uzdevumu. No Titu lemmas izriet, ka

a3

5a+ b
+

b3

5b+ c
+

c3

5c+ a
=

=
a4

5a2 + ab
+

b4

5b2 + bc
+

c4

5c2 + ac
�

� (a2 + b2 + c2)2

5(a2 + b2 + c2) + ab+ bc+ ca
�

� (a2 + b2 + c2)2

6(a2 + b2 + c2)
=

=
a2 + b2 + c2

6

No Titu lemmas izriet ar̄ı, ka

b3

5a+ b
+

c3

5b+ c
+

a3

5c+ a
=

=
b4

5ab+ b2
+

c4

5bc+ c2
+

a4

5ca+ a2
�

� (a2 + b2 + c2)2

5ab+ 5bc+ 5ca+ a2 + b2 + c2
�

� (a2 + b2 + c2)2

6(a2 + b2 + c2)
=

=
a2 + b2 + c2

6

Secinām, ka

✓
a3

5a+ b
+

b3

5b+ c
+

c3

5c+ a

◆
+ 3

✓
b3

5a+ b
+

c3

5b+ c
+

a3

5c+ a

◆
�

� a2 + b2 + c2

6
+

3(a2 + b2 + c2)

6
=

=
2

3
(a2 + b2 + c2)

Pras̄ıtā nevienād̄ıba ir pierād̄ıta.
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5.uzdevums. Doti pozit̄ıvi reāli skaitļi a, b, c ar ı̄paš̄ıbu, ka 1
a +

1
b +

1
c = 1. Pierād̄ıt, ka

aabc+ bbca+ ccab � 27bc+ 27ca+ 27ab.

Atrisinājums. Pārveidosim pierādāmo nevienād̄ıbu, abas puses izdalot ar abc, kas ir atšķir̄ıgs no 0
skaitlis

aa · 1
a
+ bb · 1

b
+ cc · 1

c
� 27

✓
1

a
+

1

b
+

1

c

◆
= 27

No AM-GM ar svariem izriet, ka

aa · 1
a
+ bb · 1

b
+ cc · 1

c
� aa·

1
a bb·

1
b cc·

1
c = abc

L̄ıdz ar to, ja mēs pierādām, ka abc � 27, tad uzdevums ir atrisināts. Ievērosim, ka doto nosac̄ıjumu
var pārrakst̄ıt sekojošā veidā

1

a
+

1

b
+

1

c
= 1 =) ab+ bc+ ca = abc

No AM-GM nevienād̄ıbas izriet, ka

abc = ab+ bc+ ca � 3
3
p
a2b2c2

3
p
abc � 3

abc � 27

Pras̄ıtā nevienād̄ıba ir pierād̄ıta.
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6.uzdevums. Dots naturāls skaitlis n � 2 un pozit̄ıvi reāli skaitļi x1, x2, . . . , xn. Pierād̄ıt, ka

1 + x2
1

1 + x1x2
+

1 + x2
2

1 + x2x3
+ · · ·+ 1 + x2

n

1 + xnx1
� n.

Atrisinājums. No AM-GM nevienād̄ıbas izriet, ka

1 + x2
1

1 + x1x2
+

1 + x2
2

1 + x2x3
+ · · ·+ 1 + x2

n

1 + xnx1
� n n

s
(1 + x2

1)(1 + x2
2) . . . (1 + x2

n)

(1 + x1x2) . . . (1 + xnx1)

No Koš̄ı nevienād̄ıbas izriet, ka

(1 + x2
1)(1 + x2

2) � (1 + x1x2)
2

(1 + x2
2)(1 + x2

3) � (1 + x2x3)
2

. . .

(1 + x2
n)(1 + x2

1) � (1 + xnx1)
2

Sareizinot š̄ıs n nevienād̄ıbas kopā, iegūsim, ka

�
(1 + x2

1) . . . (1 + x2
n)
�2 � (1 + x1x2)

2 . . . (1 + xnx1)
2

(1 + x2
1)(1 + x2

2) . . . (1 + x2
n) � (1 + x1x2) . . . (1 + xnx1)

(1 + x2
1)(1 + x2

2) . . . (1 + x2
n)

(1 + x1x2) . . . (1 + xnx1)
� 1

L̄ıdz ar to secinām, ka

1 + x2
1

1 + x1x2
+

1 + x2
2

1 + x2x3
+ · · ·+ 1 + x2

n

1 + xnx1
� n n

s
(1 + x2

1)(1 + x2
2) . . . (1 + x2

n)

(1 + x1x2) . . . (1 + xnx1)
� n
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7.uzdevums. Doti pozit̄ıvi reāli skaitļi a, b, c, d ar ı̄paš̄ıbu, ka 1
a+1+

1
b+1+

1
c+1+

1
d+1 = 3. Pierād̄ıt,

ka
3
p
abc+

3
p
bcd+

3
p
cda+

3
p
dab  4

3
.

Atrisinājums. Pārveidosim doto nosac̄ıjumu

1

a+ 1
+

1

b+ 1
+

1

c+ 1
+

1

d+ 1
= 3

� 1

a+ 1
� 1

b+ 1
� 1

c+ 1
� 1

d+ 1
= �3

1� 1

a+ 1
+ 1� 1

b+ 1
+ 1� 1

c+ 1
+ 1� 1

d+ 1
= 1

a

a+ 1
+

b

b+ 1
+

c

c+ 1
+

d

d+ 1
= 1

Apz̄ımēsim
a

a+ 1
= x,

b

b+ 1
= y,

c

c+ 1
= z,

d

d+ 1
= t

Tādā gad̄ıjumā esam ieguvuši, ka x + y + z + t = 1. Izteiksim katru no skaitļiem a, b, c, d kā funkciju
no x, y, z, t, tas ir,

a

a+ 1
= x =) a = ax+ x =) a(1� x) = x =) a =

x

y + z + t

Analo ‘giski varam iegūt, ka

b =
y

x+ z + t
, c =

z

x+ y + t
, d =

t

x+ y + z

Ievērosim, ka no AM-GM nevienād̄ıbas izriet, ka

3
p
abc = 3

r
x

y + z + t
· y

x+ z + t
· z

x+ y + t
=

= 6

s
(xyz)2

(y + z + t)2(x+ z + t)2(x+ y + t)2


 1

6

✓
y + z

y + z + t
+

x+ z

x+ z + t
+

y + x

x+ y + t

◆

Analo ‘giski varam iegūt, ka

p
bcd  1

6

✓
z + t

x+ z + t
+

y + t

x+ y + t
+

y + z

x+ y + z

◆

p
cda  1

6

✓
t+ x

x+ y + t
+

x+ z

x+ y + z
+

z + t

y + z + t

◆

p
dab  1

6

✓
y + x

x+ y + z
+

t+ y

y + z + t
+

t+ x

x+ z + t

◆

Saskaitot š̄ıs četras nevienād̄ıbas kopā, iegūsim pras̄ıto.
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