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FOR THE ENGLISH EDITION

This is the second part of the book [1], which unde
the same name appeared in Lithuanian in A. D. 2006.
The English translation of it, made by the authogs
splitted in two parts in a rather mechanical wayrsF
part of it appeared in 2006 [2]. It might be memtexl
that these two parts can be regarded either as peuts
of the some imaginary unit gathered under the giité:n
or also as well as two independent texts at leasthe
sense that both texts could be read in any order.

The only thing which now keeps these two parts
together beside the nature of regarded problemthés
double numeration of chapters.

The author would like again to express his gragtud
to the organizers and publishers of LAIMA series fo
publishing Parts | and Il in English. It is greahyj and
rather pleasant responsibility.

Frankly speaking there are some persons to whom |
would like to express my thanks much more than.once

First person to whom | would like to address my
multithanks is Professor Benedikt JOHANNESSON who



according to my understanding was primus inter pare
inventing that whole happy affair, which name idMA
series. Another thing worth mentioning is his wdy o
being and manner of speaking, which | sometimes was
trying to imitate.

| am especially thankful to Professor Agnis ANIDSG
also for constant help and delicate support. Prebdes
Andzins was also the first official reviewer of the
Lithuanian edition. It could be only repeated thathout
his inspiration and practical care this translatiamould
probably never appear.

| am also thankful to Professor of patience Dace
BONKA who was working with the Part | and hopefully
also with the Part II.

Romualdas KaSuba
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ABOUT LAIMA SERIES

In 1990 international team competition “Baltic Way”
was organized for the first time. The competiti@ngd
its name from the mass action in August, 1989, when
over a million of people stood hand by hand aldmg t
road Tallin - Riga - Vilnius, demonstrating theifllwor
freedom.

Today “Baltic Way” has all the countries around the
Baltic Sea (and also Iceland) as its participalmeiting
Iceland is a special case remembering that it waditst
country all over the world, which officially recoged
the independence of Lithuania, Latvia and Estonia i
1991.

The “Baltic Way” competition has given rise also to
other mathematical activities. One of them is [mbje
LAIMA (Latvian - Icelandic Mathematics project). slt
aim is to publish a series of books covering afleasial
topics in the area of mathematical competitions.

Mathematical olympiads today have become an
important and essential part of education systearsome
sense they provide high standards for teaching
mathematics on advanced level. Many outstanding
scientists are involved in problem composing for
competitions. Therefore  “olympiad curricula”,
considered all over the world, is a good reflectimin
important mathematical ideas at elementary level.

At our opinion there are relatively few basic ideas
and relatively few important topics which cover abh
all what international mathematical community has
recognized as worth to be included regularly indbarch
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and promoting of young talents. This (clearly sabje)
opinion is reflected in the list of teaching aidkigh are
to be prepared within LAIMA project.

Twenty books have been published so far in Latvian.
They are also available electronically at the wphge of
Latvian Education Informatization System (LIIS)
http://www.liis.lv. As LAIMA is rather a processdh a
project there is no idea of final date; many okatty
published teaching aids are second and third vessaod
will be extended regularly.

Benedikt Johannesson, the President of Icelandic
Society of mathematics, inspired LAIMA project in
1996. Being the co-author of many LAIMA publicatsyn
he was also the main sponsor of the project foryman
years.

This book is the fifth LAIMA publication in English
It was sponsored by the Scandinavian foundationrdNo
Plus Neighbours”.



BREAKTHROUGH 1 (XXV).
THE GLAMOUR OF SIMPLE THINGS OR
ADVENTURES BY DIVIDING CABBAGES

“Two added to one — if that could be done,”

It said, “with one’s fingers and thumbs!”
Recollecting with tears how, in earlier years,
It had taken no pains with its sums.

Sometimes the problems arise exactly so as it was
expressed in some good temperate advertising vihere
drivers were asked to be especially careful wititdobn
on the street because “they appear from nowherefe H
we propose one exercise with some elements ofstirat
and kind.

To the brother hare another its twin brother armve
exactly in the moment when on the table three ogéba
heads were laying and they wages were known as well
being 300, 500 and 700 grams exactly. The twinhanot
as the real guest had a forehand in choosing and so
starting the whole process of consuming. After he’'d
already chosen the cabbage head the host alsodnek
and without losing any second also started the @semf
devouring. They both are consuming the cabbage mass
with the same constant speed. With which cabbagd-he
should the guest-brother start in order to be abbe
consume more or at least the half of the whole agbb
mass?

The common sense indicates clearly that the twin
hare-brother as a guest is in favour possessing the
privilege of selecting first. So for him gettingske than
the half of the whole cabbage mass wouldn’'t be
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especially skilful. Simply speaking it would be ydrad.
Because starting first means that you have more
possibilities to choose and are expected to be more
successful, and you are clearly not expected tdegst
then a half!

And that is very important exactly in all cases whe
you are not so sure what to do.

That is connected also with the title of our book.

Our book tries to give you some advices in ordev ho
you can achieve some real progress by undertaking
simple efforts and applying uncomplicated commasse
methods.

You can do more when you would ever expect simply
by starting and doing something and not just goamgy
complaining all the time long how difficult it is &chieve
something in our wicked world.

Don't cry for me, Argentina.

Let's at this place leave for a while our precious
considerations and try to regard all the possibleices
of the guest hare twin brother.

His first desire could be a clear desire to start
selecting of course the biggest cabbage head b7 @a
gram one. Then in the very same moment another twin
brother will behave as the most modest host intthele
world responding with the choice of the smalles0-30
gram head. He will consume it completely and théh w
quietly continue — again losing no time — with ey
remaining 500-gram head left. The host could ofrseu
change these 300 and 500-gram heads. In both tteses
host would consume more than the half of the whole
cabbage mass because clearly

300 + 500 = 800 > 700.
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This indicates that our cordial advice for the dques
hare twin brother would be to remember the impaean
of being modest or repeating “Don’t touch the bgjge
head without the clear need”. Following that adwicat
guest could take the 300-gram head.

Then in the case when the host answers with the
choice of 500-gram head the guest then will also
consume the remaining 700-gram head making his$ tota
consumed weight to be exactly 1000 g.

If the host would answer with 700-gram piece then
the guest brother will get also the remaining 568hy
piece achieving total consumption of 300 + 500 © 80
grams. This is not as much as in the first casesblit
more than the half of total cabbage mass.

Again completely bad for the guest would be the
remaining third start possibility or selecting B@0-gram
piece because then the host brother after most shode
answer or after taking the smallest 300-pieceldvget
also the remaining biggest 700 cabbage-head ououns
300 + 700 = 1000g of cabbages.

The conclusion is that having three heads of
cabbages with weights 300, 500 and 700 grams tlestgu
brother ought to start in most modest way simpkjnig.
the smallest piece.

It's a pity but we are not able to draw immediately
the following conclusion in the form of maxim

Start always with the easiest head when you'll
consuming cabbages.

This is not true even if we remain in the 3-head
system.

The reader would easily find some examples
illustrating that. If you are not able to spend @yto time
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for constructing an example yourself, then we would
highly recommend you to regard the 3-head system of
weights 300, 500 and 1700 respectively.

After all that experience our maxim could be

Start always with the easiest head unless you are
convinced that there are better choices of gettimgre
cabbages.

But now let us go back to the realities and see
whether during the second visit when the guest hasd
will change roles the first eater could get at leashalf
of proposed cabbages starting modestly. We already
noticed that this depends on the concrete weigis.
will always try to go on giving precious advises.

During that honourable event the former guest now
appears in the role of host. On the table he seas n
already 4 cabbages or 300-, 500-, 700- and 900w gra
heads. That increasing of the numbers of cabbagdshe
demonstrates also that the quality of the harésidialso
improving.

As it was already mentioned now the former host is
the guest and as such has forehand to chooseTirst.
main practical question is whether in this case e
modest start will again bring for the guest moranttthe
half of the whole consumed cabbage mass? We
understand perfectly well that all these guest-okds
are the same as indicating who's takes first.

There are 4 cabbage-heads waiting for their
preferences.

First possible choice or take the biggest head.firs

If the guest would start doing so and start conagmi
900-piece then he would prove himself neither esfigc
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modest nor skilful. His hopes doing so to achievieast
the half of the total cabbage mass will be nevHillad.

What will happen?

The host will act modestly and effectively taking
firstly smallest 300-piece, then again modestlysahg
the smallest remaining 500-piece and finally - wioatio
when there is no other head left — he is simplgddrto
take the remaining huge 700-piece.

So selecting the heaviest head is again not the bes
solution.

Second possible choice or try to take the second
biggest head.

As it was already noticed the greedy choice for the
guest proved itself to be a bad choice. If the ga&sts
more modestly by taking just second heaviest piece
weighting 700 grams that choice would prove itsdtio
to be not especially useful because then the host's
response will be 500-gram head getting afterwaftsis a
the biggest 900-head and so consuming (much) more
than the half of the whole cabbage mass because

500 + 900 > 300 + 700.

The third choice would be to start with the smalles
piece.

Well, and what happens then if the guest startien
most modest way selecting the smallest 300-head? It
looks so nice and demonstrates good manners. Will i
bring more than first two choices? The possibleicdv
for the host to drop away all shyness and catcho@t:
piece immediately would be bad preference becdwese t
the guest in the second turn takes quietly 500 gimte
and will surely get also the remaining 700 granteia
such a way getting (much) more than the half ofanas
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Other choices for the host or taking any of 500700
pieces give to both of them a half of cabbages.

So the third or the modest choice of guest is bette
than the other two.

Finally what about the last or fourth choice stagi
with the thirdbiggest piece?

Then the best answer of the host is to take the 300
piece and only after that the biggest 900-gram epiec
Then they both will get the half of mass.

So in that case selecting properly brings them bwmth
the “fifty-fifty situation”.

Some conclusions after first two visits: not cajdm
themselves but numbers expressing their weighésthel
process of successful consuming.

Roughly speaking we landed by the conclusion that
when two hare brothers were consuming cabbage heads
we’ve found some relations between their weighlsigu
the more or less successful results of consuming.

Even the smallest proper step towards the aim
increases our hope to finish the task thrice.

Recall that there where two consuming rounds of two
hare twin brothers:

First round was their consuming of 3 heads
weighting 300, 500 and 700 grams.

Second one was their consuming of 4 pieces
weighting 300, 500, 700 and 900 grams.

What a philosophy follows from all we've seen?

Firstly perhaps that we could omit two noughts
present in all our weights and discuss weightsuonimers
3, 5 and 7 in the first and numbers 3, 5, 7 and the
second case. The intrigue would remain just asad h
been but the numbers characterizing it would bedred
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times) less. That is convenient from the psychaialgi
point of view because we are much more self-confide
when dealing with small numbers. We are not attlaas

bit afraid of them. Still we understand, of courfieat

even small numbers can sometimes prepare to us some
surprises as well as sometimes even our best fidad

In the first case, if we are to choose first, thibe
inequality

3+5>7
indicates that, taking the smallest head, we will
(independently from the choice of the partner) aisb
second number which guarantees us more than aohalf
the whole consumed mass. Recall that all that & tu
numerical inequality3 + 5 > 7 and to the rules of
consumption of course.

In the second case dealing with four numbers 3, 5,
and 9 during all that process we never let out af o
minds the inequalities

3+5<9, 5+7>9
and clearly see that
3+9=5+7.

This also explains why 9 as the first turn is nobd
but just worst decision —because the partner gdits a
remaining 3 numbers making total

3+5+7=15
— this is much more than the half of all — soeghe
algorithm didn’t work again!

We understand at once also why 7 as the firstigirn
also not the best possible choice because it well b
followed by selection of 5 with following gettinig9 and

5+9>7+3.

16



This second choice is slightly better becauseaitds
for the second hare 14 units of weight and not 1&st

These both situations allow slight generalization
by stating that all considerations word by word wold
remain the same replacing

(i)  numbers 3,5 and 7 by any numbers A, Band C
withA<B<CandA+B>C.

Again selecting the smallest numb&rin the first
turn I will in any way get another of remaining nioen in
my second turn also independently after any choice
my partner.

You see that we forgot the hairs — only the two
players — you and me — are now to be seen on stage.

(i)  numbers 3, 5, 7 and 9 with any numbers A, B, C
and DwithA<B<C<D

with
A+B>C,
B+ C>D,
and
A+D=B+C.

All considerations can now be repeated word by
word.

Return to the following new situations in which
our twin brothers are involved, look how are they
consuming, and generalize.

We propose for the further considerations somerothe
collections of four cabbage-heads. It is very senfu
describe their weights and probably not so simple t
solve.

In the former second set of weights 300, 500, 700
and 900 we change the heaviest head of 900 gratineby
easier one weighing 800 grams.
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Yet we propose also the 4-head system of 200, 210,
300 and 310 grams.

That formulation of the problem with all the number
is due to Lomonossow multi-discipline contest where
many nice and original but still highly excessive
problems for all who are eager to deepen the pa#er
theirs minds are presented.

BREAKTHROUGH 11 (XXVI).
CHILDREN TALKS OR FEATURES OF THE
FUTURE

The children aren’t happy with nothing to ignore
And that is what (or why?) the parents are credted

Once upon a time in the strict place there livedl -
in the same family - 4 children whose names were
Aurora, Justus, Andrew and Johnny. We all are riredli
and eager to believe that when they will grow-upgyt
will prove themselves to be good-hearted, funny and
patient just as they are.

Who knows, maybe an adventure similar to that
which we are going to tell has also taken placé wiher
children involved.

On a sunny Sunday this quadruple was sitting in the
near of their Grandma waiting for the Sunday meal a
for the fairy tale. When you are waiting then ysack of
sweets is of great value. While the Grandma who was
very serious when dealing with adult persons wasng
about in kitchen preparing her big potato panctie...
exactly then it had happen. It was a huge brealutirof
fraternal kindness they all were overtaken by,ralkess,
which so often assists also serious children.
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Suddenly the elder sister Aurora softly and sudgdenl
told to her resting brothers:

- You, my brethrens, show me now how much sweets
each of you hold in your sack, and | will make thath
of you will find that he has already twice as muth.
repeat you — each of you will have twice as mucbh. D
you agree? Can you believe?

There was no reason to refuse and brothers agreed.

And so it happened. It was a miracle. It was a chéra
with real content.

Aurora gave to every brother from her sack of
sweets exactly as much sweets as each of them prbve
to possess.

It's wondering that the miracles happen. But can
you believe that miracles do happen in series — one
after another?

Can you believe it or not — but it happened!

Inspired by their sister’'s nobleness the brotheds d
the same doubling of sweets. They did it one after
another.

Johnny was the first who dared to repeat was Aurora
had just done. This was again a miracle. This waaa
miracle with real content. Johnny doubled the sweet
from his own supplies.

Then Andrew did the same. For the youngest Justus
there was practically no other choice left. He daiil
look worse. He did the same. Doubled the real ctnte
again. That of all other brothers and the sistecparse.

After everything was over they regarded each other
with notable surprise and somehow compared their
number of sweets they actually had after these 4
doublings. To their great surprise it turned ot tthey
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all were equal. It turned out that every one hadcty
the same quantity of sweets — 16 sweets each.

It is humanly interesting to ask whether knowing th
final state we could determine how many sweets were
there in the sack of each child before these dogbli
started.

What was at the beginning?

Who gained and who lost?

And almost unavoidable question:

Who of them proved to be the noblest one?

And (the) last step of our deeds will be the fissep
our solving.

This is one of most natural or fruitful ideas. The&t
similar to reversing the film. That is what you tbdo if
you really want to make us understand how the thing
were developing looking back from the final pictute
we are able to pursue how the things were devejopin
then it is often possible to describe how did theyt.

To do this just in one move usually is not possible
But we can do it in several moves or step by stéife—
teaches us to behave modestly if we are eagerhievac
some progress.

To reach the initial state from the final positismot
always possible, but it's always worth trying. ttutd be
asked why it's so precious and worth trying? Thewaar
could be because

The truth is powerful, attractive and convincing.

We will try to find the truth also in this describe
case of the sweet distribution.

So recall now the final state of thingster the last
doubling of sweets which was providing by the yeshg
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brother Justus each of them proved to possesslgxdit
sweets.

This could be described as an idyllic state ofdhkin
where all of them are equal with regard to the nends
sweets. Of course it is not so clear — you nevemknif
all of them are equally content regarding that
circumstance and remembering how different the
numbers of sweet probably were at the very beggmnin
Now the quantitative final picture of that what yheave
is fully described in following table:

AURORA | JOHNNY | ANDREW | JUSTUS

16 16 16 16

Now we’ll try to do the first step backwards
reversing the film, which supposedly will tell us
everything about the whole development or all about
these 4 doublings. Our global aim is to establisé t
initial number of sweet of each of these four af@tdjust
before they started distributing sweets to all neing
children. They did it one by one.

First was Aurora.

Second was Johnny.

Third was Andrew.

Justus undertook final doubling.

The last step was the doubling due to Justus. Is it
possible to display the things back? Can we establi
how many sweets they have had before Justus had
undertaken his doubling with the real content?ekrss
that this is possible.

We already mentioned that the total number of
sweets remains the same during this whole noble
adventure. Sweets only change hands.

During the whole process they all have
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16 +16 + 16 + 16 = 64
sweets. We believe that all of them were involvedhiat
distribution procedure so deeply and thoroughly thay
didn’t eat anything including the sweets at allisThas
also something in common with the so-called reateat
of similar problems. So let's imagine and assuneg th
there was no consuming during the whole adventure.

So Justus gave to every one as much sweets ag any o
the resting 3 has had. And after the last doubdiach of
the four has 16 sweets, so Justus must have beem gf
each of them exactly the half of it or 16 : 2 s@®eets to
each of the remaining three.

So the whole number of sweets given away by Justus
was

8-3=24.

Because after all he also has 16 sweets so be®re h

doubling he had
16 + 24 =40
sweets and was the richest or most “sweetest” one.

It means that one step before the final state the
distribution of sweets was as described in thestabl
AURORA | JOHNNY | ANDREW JUSTUS

8 8 8 40

Now we would like to develop our success and to
deepen our insights and to try to establish what the
distribution of sweets two steps before the finttes
Two steps before the final distribution is the “ntligl
state because it's exactly a state after two diostblings.

The last but one doubling was Andrew’s honour and
trouble. He also, as it became already usual, dave
resting three exactly the half of sweets that thetyally
had. That means he must have given 40 : 2 = 2€etsw
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to Justus, and 8 : 2 =4 to both Aurora and Jph8n
Andrew had given away
20+4+4=28

sweets so just before doing that he must have had

8+(20+4+4)=8+28=36
sweets. So we did the second step returning batheto
initial state, and the distribution of sweets is iBss
shown in the table below:

AURORA | JOHNNY | ANDREW | JUSTUS
4 4 36 20
We did two steps backwards. We are exactly in the
middle of our noble process. We are expected tthdo
remaining 2 steps as well. We will combine themhkat

one table, 2 in 1.

In the second row of the table below their names we
indicate the distribution of sweets just before the
Johnny’s doubling.

In the third row we will indicate what the situatio
was just before Aurora’s doubling. She generateat th
noble idea. And the situation before Aurora’s dogpis
the initial state which we were so eager to display

AURORA JOHNNY ANDREW | JUSTUS
4:2=2 64-(2+18+10)=34 36:2=18 20:2=10
64-(17+9+5)=33 34:2=17 18:2=9 10:2=5

So what have we achieved? We succeeded in
displaying the whole picture moving backwards dbgp
step from the final situation to the initial oné.was a
reverse joy in 4 parts.

Some avoidable philosophical reflection ought to
also be mentioned.
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First of all, their sister Aurora proved also to the
noblest between then. We still remember that it slees
who gave the idea.

She was the noblest one because at very beginning
she had more than the half of the total numbemeafess
or 33 of them.

Comparing this with final situation which could be
completely characterized by the words “all are équa
now”, we conclude that Aurora has given away
33-16=17 sweets or slightly more than shellfina
possesses.

Now concerning Johnny. Johnny’s number remained
practically the same as it had been. It was 17revd it
is 16. Strictly speaking he is also the donatorhEig now
less then he had at the beginning.

Well, it remains to notice that Andrew had earned
16 — 9 =7 and Justus even more or 16 — 5 =videts.

Perhaps it is the best because they are the yaunges
ones.

BREAKTHROUGH I (XXVII).
AGAIN MONEY, STAKE AND RACES

Each of us has heard a lot or more than enoughtabou
the races, risk and hazard and horses arrivingneshf
first and even about the scandals assisting such
entertainments.

Arrived the neighbour Peter, the known storyteller,
and announced that in Math village the racecouid®
inaugurated. Firstly there will be only three rarin
horses. At the first glimpse his words looked not s
convincing. But further some strange things ocalrre
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You ought to know him better. Peter knew alreadgnev
the names of these three horses. According to heir t
names were Trumpet, Drum and Panpipe. This sounded
more like music instruments rather than horses. The
Trumpet was supposed to be the best among thess thr
two others Drum and Panpipe were not so brave.

Because Trumpet was claimed to be the best horse
i's no wonder the bets upon him by the racing
bookmakers actually stand by 1:1. Peter eagerly
explained that this means if your bet upon him 4@8
Euro and Trumpet arrives first then you firstly getur
100 back and you'll be given another 100 just tadwy
your deep insight.

But if Trumpet won’t be first and you've laid 100
upon him then you can forget your money.

The chances of Drum actually were 1 : 4, and these
of Panpipe even by 1:5. This naturally meanst tha
you risked to support your idea that Drum will aerifirst
at finish by 100 Euro and Drum indeed crosses first
finish line then you will not only get your 100 tabut
will be also rewarded by four hundreds. In the Emi
thing will happen with Panpipe you would get evese f
not just four additional hundreds. This is not asbing
because he is assumed to be the weakest horse and
perhaps seldom if ever crosses the finish ling. firs

Needless to repeat that if the horse you've chosen
doesn’t come first then better again forget the eyoyou
laid on.

What could be our attitude to Peter’'s words? Let us
think a bit. We have the strange idea that by that
racecourse we can really earn some money. Coudd it
so? Are they freshman on the area?
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Let us try to make a bet and draw conclusions.

Assume that our bet on TrumpetAisnonetary units,
our bet on Drum B monetary units, and let our bet upon
Panpipe be correspondinglymonetary units.

Then it is clear that in the case when Trumpet come
first — recall that only these 3 horses are competithen
we’ll earn A monetary units (they will give us ouk
units we've laid upon back and give us anotheunits
for our successful risk). In the case when Drunivesr
first at finish line we will earn B monetary units (th&
units we’ve laid and additionally got fourfold dife laid
sum or 8 for our risk). Finally if Panpipe will first cross
the finish line — what is least believable — acaugdo
the estimation of his chances - then we will get Gu
units back together with other 5C monetary unitsaas
honourable payment for our successful risk.

So we laid

A+B+C
monetary units, say, in Euro or even in dollarg] drwe
expect to make the positive balance independerttigtw
horse will cross first the finish line, then in aogse the
sum we get must exceed our money amount which we
left in the racehorse booking office. So it oughbe

2A>A+B+C
5B>A+B+C ,
6C > A+B+C

or
A>B+C

4B >A+C
5C>A+B
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It is not so complicated to find some solutions for

that system of inequalities, e.g.,

A=10, B=C =4,
or if we choose to operate with “round” numberstie
can take 50, 20 and 20 as well.

That is, if we laid 50 monetary units on Trumped, 2
upon Drum and also 20 units for Panpipe then we lef

50 +20+20=90
monetary units in booking office.

Now in the case if Trumpet wins we would get our
50 back and also another 50 as well, or spendingv@0
get 100.

In a case when Drum wins our win would be also
5-20=100.

It the case when Panpipe will be the first on the
finish line we would earn even 6 - 20 = 120.

So we can conclude that if the racecourse wouldn'’t
change the proportions then we could earn there a
remarkable amount of money.

Let us leave for a while the racing competitionsd an
apply for another sort of event or to Kangaroo
competition.

BREAKTROUGH IV (XXVIII).
YOUR INSJIGHTS AND ANN'S PENCILS

This is perhaps one of the most subtle problems
which were proposed on the Kangaroo competition
A.D.2003. Meanwhile in that competition more than 3
millions competitors from 3 continents are partatipg.

In Lithuania the average of participants in the ksesars
stands more or less at 60 000 by the whole populati
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counting 3 700 000. The last statistics was 64 shnds
in 6 age groups in 2007.

In Lithuania this problem was proposed in all age
groups so it would be right to claim that circatgix
thousands of beautiful minds in Lithuania cameoiach
with the following task:

Ann has 9 pencils and at least one among them is
surely blue. It is also known that:

(A) Among any 5 of her pencils at most 3 different
colours appear;

(B) Among any 4 of her pencils at most 3 are of the
same colour.

How many blue pencils does Ann have?

We'll refer to(A) as to the first Ann’s Lavand to B)
— as to the second Ann’s Law.

Let us raise the first fundamental question: how
many pencils of different colours may Ann possess?

Could it happen that all these 9 pencils are athrod
and the same colour? Could it be two or even three
colours? Might it happen that even more than three
colours are to be found, say four or more?

If four or more pencils of different colours appear
among these 9 pencils, take some 4 pencils repnegen
these 4 different colours and any from remainingcgse
as the fifth, and you see that we are contradidiregf’
Ann’s Law or statement (A), which was assumed to be
right.

So we've proved that all 9 of her pencils can batof
most 3 colours

So all pencils are either of the same colour amaf
or of three colours. No other possibilities are. lef
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Let us raise now the second fundamental
guestion: how many pencils of one chosen colour may
Ann possess?

Again it could be one, two, three, four or more
pencils of the same colour. If four or more aretlod
same colour then take some four of the same colour.
Holding them read once th&%Ann’s Law or statement
(B). You see that this is against that law so tescdbed
situation is impossible.

Summarizing our efforts we see that we've proved:
there are 9 pencils of at most 3 different colcamsg at
most 3 pencils of the same colour. That impliesahly
possibility left is the possibility, which, express in
usual words, sounds as follows:

There are exactly three colours with exactly three
pencils of each colour.

The answer of the given problem: Ann has 3 blue
pencils.

BREAKTHROUGH V (XXIX).
ANOTHER KANGAROO PROBLEM, WHICH IS
OF GREAT HELP DEALING WITH THE
DIFFICULTIES OF EVERYDAY'S LIFE

The real content of that problem is based on the fa
that there might be some well-known person from the
Lithuanian entertainment industry who once was
expected to pay an administrative penaltyf
approximately 4000 Euro. He brought that amount of
money in lorries in the form of the smallest Lithian
monetary unit — all money amount was in 1 cent £0in
For the sake of completeness it could be mentidhat
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10 Lithuanian cents correspond more or less to ®-Eu
cents. There was some noise related with thisraiffiai
Lithuanian’s mass media, and that is exactly wihat t
representatives of that industry always need and
welcome.

Let us after that represent that problem as follows

The famous boss Walliss once fell asleep and had a
dream. He dreamed that he is expected to movesto hi
new place of residence. So he would like to takie m
all his money, which is exchanged into smalleshsoi
These coins are all carefully packed and hold imgénu
boxes. The one of possible explanations of thalddoe
that no thief would be able to steal it. There wa@esuch
boxes of weights being correspondingly

150, 151, 152,.., 197, 198 and 199 kg.

He decided at once that for the money transport he
will involve the transport agency “Quickly movingans
safely bringing”. He remembered that this agency
possesses suitable hermetical lorries carrying 1RQ0
each. He started to make thoughts about the least
possible number of lorries he should ask for ineortb
be able to transport all his coins at once.

It should been mentioned that Mr. Walliss was eall
a bright person. At least since school from whiah h
graduated with gold medal award. So it's no wortat
he started with the estimation of the total weightall
boxes with coins he had. After some seconds hedfoun
out that the total weight of all his 50 boxes wagressed
by the following sum

150 + 151 + 152 + ... + 197 + 198 + 199.

Mr. Walliss naturally noticed at once that it is

possible to rearrange these 50 numbers into 25 péiin
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equal sums taking correspondingly one summand from
the right and another summand from the left sidee T
sum in pairs was indeed the same because
(150+199)=349=(151+198)=(152+197)=...=(174+175).

So he understood that the whole monetary load
weighed
(350-1)-100 35000-100

4
=8750- 25=8725kg.

Remembering that each lorry takes at most 1200 kg
and not more he understood that 7 lorries won't do
(clearly 1200 - 7 = 8400 < 8725). So 7 lorries @ren
enough, and he ought to order at least 8 of theand3
logically skilled person he also understood thag¢ th
inequality

349-25=

1200 - 8 = 9600 > 8725
alone doesn’'t guarantee that the successful Igadin
would be possible and realisable.

He started at once working out the loading plare Th
main numbers were 50 (number of boxes) and 8 (mkeede
lorries). Because 50 : 8 > 6 or, more precisely,
50=6 -8+ 2, it was clear that in some lorriest least
in two of them — more than 6, that is, at leastoxds
ought to be loaded. The common sense indicated that
these ought to be the easiest boxes. The question
remained whether it would be possible to load thése
easiest boxes in one lorry. Again simple computatio
demonstrated that then in the first lorry shoulddssled
at least

150 + 151 + 152 +153 +154 + 155 + 156 =
= (150 + 156) + (151 + 155) +(152 + 154) + 153 =
=306 + 306 + 306 + 153 = 1071 < 1200
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and after that 7 easiest of remaining boxes crast|
157 + 158 + 159 +160 +161 + 162 + 163 =
= (157 + 163) + (158 + 162) + (159 + 161) + 160 =
=320+ 320+ 320 + 160 =1120 <1200
should be loaded into the second one. This alsddndu
easily in.

Now there were 50 -7 - 2 =50 — 14 = 36 boxis le
and 8 — 2 =6 lorries in his disposal, so he @dqlhn to
load 6 boxes in each of remaining 6 lorries (6=-3®!).

(Remark. An attentive reader surely noticed that we
could keep going on with loading of 7 boxes in amngy.

It would be possible to load 7 successive boxethen
third lorry because
164 + 165 + 166 +167 +168 + 169 + 170 =
= (164 + 170) + (165 + 169) + (166 + 168) + 167 =
=334 + 334 + 334 + 167 = 1002 + 167 = 1169 < 1200.

But we would fail to load 7 successive boxes in the
fourth lorry because the weight we load each time
increases by 49 kg what attentive reader had meeatio
as well, and now

171 +172 + 173+ 174 + 175+ 176 + 177 =
=174 -7=1218 =1169 + 49 > 1200.)

So we load only 6 boxes in each of remaining 6
lorries. In the third lorry we pack the 6 succesdboxes
of total weight

164 + 165 + 166 +167 +168 + 169 =
= (164 + 169) + (165 + 168) + (166 + 167) =
=333 + 333 + 333 =999 < 1200.

These 6 boxes fitted easily. Now everything will be
completed if we’ll be able to pack 6 heaviest oimethe
last lorry. This runs also because
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194 + 195 + 196 +197 +198 + 199 =
=393 + 393 + 393 =1179 < 1200.

That ends the explanation that Mr. Walliss will be
able to carry through his plan and take his 50 baxih
8 lorries.

He began to feel some pride but in the very moment
he get the phone call. His wife was on line. Stiermed
him that she is also informed about the removaiaifs
and asked him to take also her 4 boxes with snalles
coins. The weights of her boxes were correspongingl
200, 201, 202 and 203 kg. We still remember that th
heaviest box of her husband weighed 199 kg.

Mr. Walliss remembered that he actually had some
weight reserve and became interested whether iidvou
indeed be possible to manage the loading of these 4
additional boxes in these 8 lorries without ordgriof
additional transport.

His removal scheme as we also remember was the
following:

1% lorry takes  150+151+152+153+154+155+156 =
= 1071 kg of weight;

2" lorry takes 157+158+159+160+161+162+163 =
= 1120 kg of weight;

39 lorry takes 164+165+166+167+168+169=999 kg of
weight;

4" lorry takes 170+171+172+173+174+175=1035 kg of
weight;

5" lorry takes 176+177+178+179+180+181=1071 kg of
weight;

6" lorry takes 182+183+184+185+186+187=1107 kg of
weight;
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7" lorry takes 188+189+190+191+192+193=1143 kg of
weight;

8" lorry takes 194+195+196+197+198+199=1179 kg of
weight.

And now what to do with these 4 new boxes from the
wife’s reserve weighing, as it was already mentibne
correspondingly 200, 201, 202 and 203 kg? Werhkdt t
only box weighing 200 or 201 kg, then it wouldn& b
problem at all — in the third lorry we possess
1200 - 999 = 201 kg of weight reserve. The only box
weighing 202 or 203 would already mean some changes
in the plan. One such box would cause changesMand
Wallliss was expected to deal with 4 new boxes. What
should he do?

Firstly of course he made the total weight balance.
With four new boxes there come

200 + 201 + 202 +203 = (200 + 203) + (201+202) =

=403 + 403 = 806 kg

of “new” weight. Together with the 150+151+152+...
+197+198+199=8725 kg of “old” weight it makes a new
reality, which weight is 8725+806=9531 < 1200-83®6
But the weight reserve now is really small becatinse
reserve is only 1200 — 1131 = 69 kg. It seems reaw t
successful loading - assuming that it is possibigll-be
much more complicated than it just had been andi§Vval
will be forced to take care of each kilogram of glei

The first remark now could be the following one: no
lorry is able to carry more thar¥ boxes because the
weight of8 easiest boxes is already

150 + 151 + 152 + 153 + 154 + 155 + 156 +157 =
=(150 + 157) + (151 + 156) +(152 + 155) + (153 45

=307 + 307 + 307 + 307 = 1228 > 1200.
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After that we look with understanding to the
following changes in Mr. Walliss plans: he decidedo
load 12 heaviest boxes in two lorries, 6 boxes imaeh
lorry, and correspondingly pack remaining 54-12=42
boxes in 8-2=6 remaining lorries trying to load
42:6=7 boxes in each of remaining 6 lorries.

He decided also to count carefully how much of
weight does he lose as “unused” with each lorryc&lle
that his total loses of weight can’t exceed 69 kg.

12 heaviest boxes with weights from 192 till 208 ca
be divided into 2 groups with 6 boxes in each group
the natural way taking successive pairs of remginin
easiest and heaviest boxes. This means that iflthe
lorry we are going (or still Mr. Walliss is) to Id& boxes
or 3 pairs with total weight being

(192 + 203) + (193 + 202)+ (194 + 201) =
=395 + 395 + 395 = 1185 kg.
in the first and
(195 + 200) + (196 + 199) + (197 + 198) =
=395 + 395 + 395 = 1185 kg.
in the 2%lorry.

In each of these cases we've lost 1200-1185=15 kg

of weight so our total weight loss is already
15-2=30kg

and our reserves for the future loss are 69 — 39 kg

only. Only 39 kg reserve with 42 boxes of coind &b

be loaded with weights from 150 till 191 kg whicte w

still hope and believe to load successfully inforgies.

Again Mr. Walliss goes on to packing taking
successively one easiest and one heaviest of xiiles
unloaded. Speaking more precisely his plan loolesthx
as follows:
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Still unloaded 42 boxes are located in 7 rows \ith

boxes in each:

150 151 152 153 154 155

156 157 158 159 160 161

162 163 164 165 166 167

168 169 170 171 172 173

174 175 176 177 178 179

180 181 182 183 184 185

186 187 188 189 190 191
and then Mr. Walliss is taking successively 3 renmg
easiest and 3 heaviest boxes from both ends anbdamne
or the 7" box from the & (middle) row.

These remaining first successive 3 easiest and 3
heaviest boxes have always the same total weigla eq

(150 + 191) + (151 + 190) + (152 + 189) =
= (153 + 188) + (154 + 187) + (155 + 186) =
= (156 + 185) + (157 + 184) + (158 + 183) =
= (159 + 182) + (160 + 181) + (161 + 180) =
= (162 + 179) + (163 + 178) + (164 + 177) =
= (165 + 176) + (166 + 175) + (167 + 174) = 1023 kg

To these 6 groups of 6 boxes of equal weight we joi
any of boxes from the (middle}"4ow. Even if we take
(or he takes) the heaviest box from this middierdw
weighing 173 kg, even then we have the total wegjht
loaded boxes

1023 + 173 = 1196 < 1200.

This will make only 1200 — 1196 = 4 kg of weight
loss in the % lorry. Acting similarly, in the % lorry our
weight loss will be 1kg greater or 5 kg in totairther on
it will be 6 kg in the & lorry, 7 kg in the 8, 8 kg in the
7" and finally 9 kg in the last™lorry.
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(The balance remains as announced because the sum
of these last 6 losses in each of remaining lolisgben
4+5+6+7+8+9=(4+9)+(5+8)+(6+7)=13+13+13=39 just
as expected.)

BREAKTHROUGH VI (XXX).
PSYCHOLOGICAL DANGERS OF SIMPLEST
FORMULATIONS

They gazed in delight, while the Butcher exclaimed,
“He was always a desperate wag!”
They beheld him — their Baker — their hero unnamed
On the top of a neighbouring crag.

Rather often telling the accidents or citing exgti
histories of everyday-life or science we summarize
making conclusions of the kind:

The main hero looked so honestly but it turned out
that he was just as weak as our average neightsur i
or

The circumstances seemed to be so uncomplicated
but all his efforts leaded him to nothing;
or

He was hopeless in start but strong as a lion at
finish;
or

Even | couldn’t achieve more in this whole affair.

Solving mathematical problems we enjoy plenty
situations of similar kind with the difference ortlyat in
mathematical world and galaxy the things are deue{p
in more “cultural” or subtle or at least in not so
straightforward way. Saying that, first of all wave in
mind and never forget that in mathematical galaky,
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you've great problems or difficulties, you may diye
leave everything aside for a while, take your tiarel
then come back to these matters with a new mind
resources and fresh head and again try to achi@re m
than it was possible to achieve.

We only would like to draw your attention to thetfa
that even you and me may come across the problems
which even the brightest heads of the mankind were
solving thousands of years. Solving but still
unsuccessfully. You never know. You ought to be
prepared to all possibilities. Life is so rich on
possibilities of every kind, size and calibre.

The seriousnes®f the situation could be and is
nicely described in the classical verse due to eélfr
Edward Housman (1859 -1936):

The Grizzly Bear is huge and wild,
He has devoured the infant child.
The infant child is not aware

He has been eaten by the bear.

So it can happen that the proposed problem is
understandable, its formulation is so short thatettmes
everything — all conditions and tasks — is packegust
one sentence, but at that place no achievements are
possible, no considerable results are to be exgpeutd
no hopes are left. Nothing is possible for me, dtso
you, also for both of us and even for all threeusfas
well. What is even worse on that stage — and ipbap
unfortunately rather often — that you and me, weeha
already promised to our neighbours and relativedao
this problem, to finish all that in an hour or dwione
day, or in two weeks, or in three months. We prewhis
already that in this year A.D. 2007 everything vk
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done, completed, everything until least detailsl i
finished and forgotten. It couldn’t be otherwiskere is
no other choice because you and me, because boith of
are so bright, so smart and, by the way, all cirstamces
are so promising.

Our psychological guide or everyday experience
ought to remind us every day that the problems wghm
happen to meet may be and are so different. Some or
even most of them are really easy, but some might
happen and are more serious but still accessilslereT
are also perhaps quite few of them which are indeed
extremely complicated. And there are some which are
impossible. They were impossible. They are impdssib
It might happen that they will always remain impbkes
For all times and age groups.

Our human experience obliges us not to separate
ourselves from such most complicated or simply
impossible problems alone for the reason that they
are also part of our human landscape and life.

We do not intend in a slightest degree to frighten
our possible readers; we do not want also to reduce
the courage of our readers. Still the importance of
being honest demands that we are expected not ts®
the ground and remain realistic. At least for the ake
of completeness we must stay, state and repeat that
such situations are possible also in our life andhiour
days. We must keep that all clearly in our minds.

We remind that the person who wants to learn to
think logically must be prepared to regard every
possible situation with the circumstances of every
kind.
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As already was told and repeated - we do not
intend to hide anything we know and understand
from our readers. Some situation for any courageous
person can be inspiring enough to try to manage the
situation which for many if not for all is not possble
to manage.

Its so human and understandable. It is so
attractive and difficult. But it's your choice and
responsibility.

And it’s also your joy and pleasure.

IT'S EVEN UNNECESSARY TO COME ACROSS
THE FERMAT'S PROBLEM

Let us cite the remarkable aphorism of H.Steinhaus:

Pythagoras wasn’'t an Englishman. If he was an
Englishman then the famous statement would be
formulated as follows: | think that the square dret
hypotenuse....

More that 300 years astandard example of
inaccessible problem, which could be formulatedaie
sentence, was the famous Fermat's problem. This
problem ruined the life of many persons, who bedv
they are obliged to solve it. They became somehow
convinced that they necessarily must do it.

We will recall its formulation for the sake of
complicity using more than one sentence. Neverdisele
could be also regarded to be “one sentence problem”

Firstly we notice that it is possible to find two
squares of integers which sum is also a squarenof a
integer.

First example of such a kind is most famous right
triangle with integer sides 3, 4 and 5, because
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32 +42=52

Applying the natural art of making analogies we’ll
easily come to the following reflection: seeingtttizere
are (a lot of) two such squares of positive integenose
sum is also the square of a positive integersbisatural
to ask whether the same might happen also with two
cubes of positive integers or to ask:

Are there indeed two such cubes of positive ingeger
such that their sum is also a cube of a positivegar?

The same question could be repeated for the sum of
fourth, fifth andn-th degrees of two positive integers.

In that way the Fermat’s theorem came into being in
17" century and turned out to be very capturing problem
This is also due to the shortness of formulationors
questions are natural questions to ask. So is ghioal
repeated thathortness can be capturing; that's why it
is extremely involving and dangerous.

We could try to reformulate it in one sentence in a
somehow funnier version:

Even in science things, which are created using one
sentence only, may cause much harm.

In the history of mathematics of the last centuties
name of probably most capturing sentence was Fermat
last theorem.

Do there exist such three positive integerg andz
thatx to powern plusy to powern is equalz to powern
or,

X"+y'=2"?

From the history of mathematics we know that
considerably big amount of money was proposed asnamnd
for successful solution of that problem. Many trengs of
solvers were fighting for success on that areartgppnally to
find such three integer numbers yandz for some n > 2.
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More than three last centuries no one, who wasrigalith
that problem, could repeaEltreka” after Archimedes. In fact
many thought they did prove it. Bur after carefihmination
of their arguments it always appeared that the lprobstill
remains unsolved. Dealing with the ideas, which ewer
awakened by attempts of proving Fermat’s last gm@omany
new and beautiful mathematical theories were benegted.
The theorem became so famous that it was compathdhve
hen, which carries golden eggs.

One shouldn't forget that the efforts in that diiec were
stimulated by the famous words of Fermat who cldirhe
knew the proof only the margins of the book whetead been
written were too narrow for writing down the proof.

He stated that ,It is impossible for a cube to be t
sum of two cubes, a fourth power to be the sumaof t
fourth powers, or in general for any number thatis
power greater than the second to be the sum ofikeo
powers. | have discovered a truly marvelous
demonstration of this proposition that this margrtoo
narrow to contain."

The authority of Fermat was so big that many
investigators were so eager to find out what hédchave had
in his mind. This lasted for centuries.

Only in the very end of 28" century it appeared that
there are no such three numbers, y and z in the case
whenn > 2.

It was extremely remarkable event in the well-orgad
and stable mathematical world. From the psycho&gioint
of view the most exciting matter was probably tb#ofving
one. The final part of the proof contains aboutdred pages,
which are fully understandable and accessible tmlgay, 10
top mathematicians of nowaday3$h{s is a subjective view of
the author. — Edito).

Let us recall that at the beginning there was amosi
ordinary looking question formulated in one sengenc
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PROBLEMS WORTH MILLION DOLLARS EACH

Idea tostimulate the progress proposing money for
successful efforts is as old as mankind itselflnkernet
you find some problems for solving of which million
dollars are offered. For example: Two publishers ar
offering million dollars to anyone who can proveatth
each even number is a sum of two prime numbers.

All you need to know there is what prime numbers
are and what is the sum of integers. Absolutehingt
more. You hardly can find a person, which wouldn’t
know it. It's really difficult to find a person whdidn’t
hear at least 20 times that a prime number is abeum
greater than 1 which has no other divisors diffefeam
1 and itself.

We would like once again to draw the attentionhef t
reader, we would like remind you again and agaiatth
there were, there are and there always will beidift
problems in the world. There are a lot of such peats.
There are plenty nice problems which were treatgd b
many bright minds. Were treated but remained urmsblv
So remember that it can happen that even you taddy
tomorrow are not and will not be able to solveDbn’t
be angry that you can’t solve it. There are so many
problems you can solve. There so many problemshwhic
are accessive for you and can remarkably help you t
encrease the deepness of your mind.

Only don't be afraid. In no case. You can much
more than you usually believe you can.
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BREAKTHROUGH VII (XXXI).
AGAIN AN APPARENTLY SIMPLY LOOKING
PROBLEM

Let us take any positive integer or any natural
number you wish and let us arrange with that nuntioer
following procedure: if we happened to come acrass
even number we’ll divide it by 2. In the oppositase,
that is, if we chanced to meet an odd number theil w
multiply it by 3 and add 1. With either number wet g
we’ll repeat that procedure and will proceed tryitng
establish what will happen?

Of course we could and even should to describg it b
the formula. It would take less place and alonenftbat
reason such a description is worth mentioning and
applying.

In other words, if the numbeN is even, then
f(N) =N/2 and if N is odd, then f{) = 3N + 1.

As a natural example of that kind we will take the
number of the year and will try to establish whadld be
expected after few steps.

Because the number of the year or 2007 is an odd
number so we’ll go to the thrice bigger number add
1. So we will get

32007 +1 =6022.

6022 is clearly an even number so in the next\wsiep
are to divide it by two getting 6022 : 2 = 301hefe is
no doubt that 3011 is again odd integer, so wenthte
again to multiply it by 3 and add 1 or to go overthe
number 3 - 3011 + 1 =9034. This number is agaan,
so in the next step we'll get 9034 : 2 = 4517.nflaiing
we will get (dear reader, wouldn’t you be so kirglta
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assist our steps with the functioning calculatohand,
please!)

13552, 6776, 3388 1694, 847 (at least now ave’'v
stopped dividing by 2). Further we will get 2542271,
3814, 1907 (we are in the neighbourhod of ourt sta
number 2007, difference is exactly 100). The preces
runs further bringing us to the numbers 5722, 1286
8584, 4292, 2146 (again we are not very far from
2007).

Further we will see 1073, 3220, 1610, 805, clwhi
are followed by 2416. This number 2416 initiates a
rather long way down giving numbers 1208, 6082,3
151. Further ,intermediate stations” are 454,7,2882,
341, 1024. Now it has happened that we came atitess
power of 2, so we will go down as deep as posshbk
reach 1. Indeed 1024 is followed by 512, then, 25688,
64, 32, 16, 8, 4, 2, 1.

We've got the smallest possible positive integet.or
Of course, by inertia we could apply our procedure
further but then we would be moving in circles14 — 2
— 14— 2— 1 and so on without any end.

Let us take another integer, for example, the gstat
4-digital number 9999 and see whether we agaievef)
will reach the smallest possible integer or 1.

Let's start and announce some kind of philosophy.

We do not know whether our road will be long. We
do not know even whether it would lead us to 1. iBut
ought to be stated and repeated that comparingitih w
our first time experience which we gathered workinti
the number 2007 we’'ll learn a lot of arithmeticaiel
following that iterated procedure. We do not intetad
contradict the Latin phrase
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Testis unus testis nullus.

It's in Latin and originally it expresses that yoan't
know (all) the truth about something with just one
witness. From the lawyer’s point of view you caedlly
prove anything what you are eager to prove havinly o
one witness.

But to prove is something different from to leanda
we are not in court — we would like to feel anddarn
about how the things got arranged.

So denoting the procedure of going over to the
following number by arrow o> we will consequently
get

9999 — 29998— 14999 44998 (we have already
almost 5 times as much as we had when we started)
22499— 67498 (new record of magnitudey 33749—
101248 (wow, we are actually 6-digitath) 50624 —
25312— 12656— 6328 (only 4 digits left, and that’s not
the end; we are still falling down!) 3164 1582— 791
(happily odd number again) 2374 1187 —» 3562 —
1781 — 5344 — 2672— 1336 (again it's going down)
— 668 > 334 — 167 — 502— 251 — 754 — 377>
1132 (up and dowr) 566 — 283 — 850 (do you still
remember how high we’d been after the start?325—
1276— 638— 319— 958 (again fast thousand} 479
— 1438— 719 — 2158. The number 2158 is again in
the neighbourhood of a number of a year or 200d, an
that number 2158 is subsequently followed by 16¥9
3238 » 1619 — 4858 —» 2429 7288 (now we'll be
again several times dividing by 2y 3644 — 1822 —
911 —» 2734 — 1367 — 4102 (merry goes round)
2051— 6154— 3077— 9232 (we are in the near of our
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initial 9999)— 4616— 2308— 1154— 577— 1732—
866 — 433 — 1300 (for the first time number with two
zeros)y» 650— 325— 976— 488— 244 122— 61
— 184> 92> 46> 23> 70— 35— 106—> 53 >
160— 80— 40— 20—»10— 5— 16 (thanks God)> 8
—>4-52->1.

We could now declare with some pride that we are
done or that we are on the end of our road. Ouwtioed
experience has increased and is inspiring us todtate
the following natural question.

Starting from any positive natural number N and
applying our procedure: going over from N to N/2 if
that N is even and going over from N to 3N +1 ifahN
is odd, and repeating that procedure for sufficiént
long, would we always be able to reach the number 1

Now we will present another problem together with
the question: which of both seems to the readepeto
more difficult and complicated?

So we ask you very seriously to decide which skthe
two questions appears to you to be more inaccesxibl

We'll present that second problem with slight
adoption. Recall the tale about two well-known wlerl
wide famous young persons whose namedD#&HBHNIS
and CHLOE. Let us say some words about the
continuation of their exciting and sad history.

After their death which we will denote as a traiosit
to the better world they both learned that thistéret
world consists of infinitely many disjoint spher8s
enumerated with natural numbers n. Both may land on
any sphere sand it is clear for us that in any case they
will go on trying to find each other. There are tiypes
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of transition between these spheres which could be
described as a two-sided traffic between them:

(A) From any sphere with the number n it is possibl
to go to the sphere with the number 2n and vicsaver
(transition of the first kind);

(B) From any sphere with the number n it is possibl
to go to the sphere with the number 3n + 1 and varsa
(transition of the second king

If you believe that DAPHNIS and CHLOE are able to
find each other then please explain what could they
undertake for that?

Needless to explain that “to find each other” irath
context means for them both to land on the samersph
S, and to be aware of it.

Is it really possible and what could you advice for
that?

In order to gain some experience imagine that
Daphnisis actually on the sphere with the number 2007
and ask whether he could reach the sphere with eutnb
from that sphere with number 2007.

Where can he go from the sphere with number 2007?
This number is odd so he can’t apply transitionthod
first kind, so it remains to apply the transitioh the
second kind and to go to the sphere with number
3:2007 +1=6022. Now he can move to the sphere
with number 3011. Bubaphnisdidn’'t do so. He went to
the sphere with number 12044, again applying the
transition of the first kind. Why did he do it? ldeuld go
to the sphere with number 3011. He didn’t. Why?dRec
that in his dreams he is already on the sphere with
number 1.
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Now we will seldom comment his moves but we’'ll
always thouroughly indicate where is he actuallgc#tl
once again — his clear aim is to land as soon asilge
on the sphere with number 1, and for that he isppeual
with the transitions of the first and of the secdad or
(two-sided) transitionsr <> 2n and n < 3n +1.

From the sphere with number 12044 Daphnis had
chosen the sphere with number 24088 (curious step,
increasing instead of decreasing), then because
24088 = 3 8029 + 1 he went to the sphere with number
8029.

Further way will be indicated with two-sided arrows

8029=32676+1«> 2676+<> 1338« 669+«> 2008«
1004 < 502« 251« 754« 377 <> 1132« 566 <
283=394+1 < 94=331+1«<> 3110 5« 16+ 8
421,

Are you now able to see how succesfull he proved
himself to be? Are you able now to explain eaclp ste
Daphnisroute?

There are some really understandable things.

1. Because all transitions are two-sided it medras t
if Daphnis, being on the sphere 2007, can reach the
sphere 1 then he is also able to return back frown t
sphere 1 to the sphere 2007. That is indeed soulseca
each step is either transition of the first or bétsecond
kind and is two-sided (we remind that for thespstee
started the use of two-sided arrows).

2. If from any sphere N you can reach the sphere 1,
then from any sphere N you can also reach any other
sphere M. Indeed, if, starting from the sphere Nrom
the sphere M you can reach the sphere 1, thengusin
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two-sidedness, you can reach the sphere M from the
sphere N.

So now the fundamental question whether from
any sphereN you can reach any othersphere M is
reduced to the question whether from each spherg
you can reach the sphere 1.

We may assume that under such sad separation of
these loving hearts they both are already much more
skilled and, indeed, if they do not know on whignere
they could find each other, then after some comnatabn
they both independently ought to be able to undedst
that they must make a transit as soon as possiohely
to the sphere number 1.

So now, dear reader, we repeat our question:

Which of these two problems according to your
opinion and mind appear to you to be more difficul®

We remind you both of them once again:

Problem 1. Given any positive integer N. If Nvere
then go to the number N/2, and, if N is odd themogihe
number 3N + 1. Do we always get 1, applying that
procedure repeatedly?

Problem 2. Having any positive integer N you can go
to either 2N or 3N + 1 or vice versa. Are you alwaple
to get 1, starting from any integer N and applyihgt
procedure repeatedly?

Which of these tasks appears to be more difficalt t
your fantasy?

One of the problems just mentioned is still unsdlve
(usually they call it hypothesis) decorated alreadth
three names of prominent mathematicians havingt deal
with it, and the second is the problem 9 from the
mathematical Baltic Way team contest A.D.1997 in
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Copenhagen (vide [1]or [3]) The solution of it wbk
presented some lines below.
So who is who? What is normal and what is diffieult
What is possible and what is not? What can be aekie
in an hour and what can’'t be made in 20 years?
Don't you find that the decision woudn’t be easy?
Once again we came across to the well-known
wisdom claiming that

APPEARANCES ARE DECEPTIVE

It is related to the statement that you meet thieqre
according to his dressing and bid farewell already
according to his mind.

From the (psycho)logical point of view nothing very
special — you are getting inside from the outsidd a
seldom in using other ways.

Concerning mathematical adventures you could also
notice that you meet the problems according the
shortness of their formulation (formulation is ustd
play the role of dressing) and bid farewell already
according to the accessibility of solution.

At this place we would like again to cite the faraou
Belorussian composer of mathematical problems @nd
brilliant solver of them also!) Sergey Alekseewich
MAZANIK who is a professor at Minsk University
having noticed once:

The problem in number theory with formulation
length of one sentence is usually deadly diffiGeitthe
solver.

The answer in our case about what is easy and what
is not is the following one:

The problem 2 is accessible.
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The problem 1 REMAINS DEADLY DIFFICULT
(and the day of its possible solution hasn’'t coetg. y

We would like also, frankly and openly, with the
considerable dose of normal optimism, remind tlaelee
that there is nothing more valuable in life thaatttOn
the other hand it is indeed possible that on thrg day
when that problem will be done it will appear tlié
solution is so simple that the problem itself wauid
regarded as a difficult task.

But not earlier than the short solution would appea
We will carefully regard what di®aphnisintend, to
disclose the wisdom which lead him.We must cargfull
analyse what we've seen because we intend also to

prepare the instruction for the future solversha form
of simple advices which he could apply in everyecas

The first fundamental wisdom or advice for transto
of spheres is addressed to those who intend tdhreac
sphere 1 from any other sphéie

You will prove yourself to be successful if you are
able to prove that starting from any sphé&reyou are
always able to reaclsomeother spher& with K <N, if
only N> 1.

It is enough to prove that you ALWAYS are able
to make at least one step down.

Because if you are able to make at least one step
down then repeating it you will always reach the
sphere 1.

Let’s start preparing that instruction.

This will be an instruction containing three steps
advices which will always work.

1st advice how to reach a lower sphere is adressed
those who actually are on the spheres with numbers
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1,4,7,10,13, 16, 19, ..,, 100, ..., 2005, ...
or in general case on the spheré$+31.

Second advice is firstly meant for those who atyual
are on the spheres

2,4,8,11, 14, 17, 20,..., 200,..., 2006, ...
or in general case on the spheré$é+3.

Third advice will be for those who are on a sphere
whose number divides into 3 or on the spheres

3,6,9, 12,15, ..., 300, ..., 2007, ...
or in general case on the spheriis 3

Don't forget that our aim is to go down in any case

In the first case this is done in one step usirg th
transition of the second kindallowing us to go from the
sphere Bl + 1 to the spherdl and mentioning that, of
course,

N<3N+1,
and saDaphniswould get lower than he’d just been.

In the second case our advice will consist of two
steps: first we are going up usitige transition of the
first kind and going from the sphere N3+ 2 to the
sphere Bl + 4. Then usinghe transition of the second
kind we’ll go from the sphere

BN+4=3(N+1)+1
to the sphere
2N+1<N+1
and that means that we get lower again.

In the third case our advices will be most
complicated of all what we've seen and will conoét
several steps.

Firstly we’ll be unexpectedly many times going ,,up”
Our first move from sphereN3using thetransition of
the second kindwill be to the sphere 3K§+1=9N+1.
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Then we’ll two times applyhe transition of the first
kind. So from ®+1 itleads to 2(8+1)=18\N+2, then
from 18N+2 it goes to 3§+4. We are now more than
12 times higher than we’'d been. Now it's going dpwn
because mentioning that 864=3(12N+1)+1 Daphnis
has transit rights to reach N21. Mentioning that
12N+1=3(4N)+1 he has rights together with us to go to
4AN. These were two applicationstbg transition of the
second kind.Now, of course, he’ll use the transition of
the first kind and will reach the spher&l.2And, of
course,

2N < 3N
so that we all are again lower than we’d been.

So in each case we all (and Daphnis with or without
us) are able to make a step down. Combining several
such steps we are always able to reach the sphere 1

And concerning the problem 1, which carries the
names of three brilliant mathematicians, the ohing
that seems to be known is that we can prove thabore
step we will get the number which is divisible bynbt
just by 2.

That seems to be exactly the whole progress in that
direction.

This is not a problem for solving of which millions
are suggested, but nevertheless something of tiake ki

So similar problems might have completely different
fates.

Let us for fun cite again some lines of the famous
poem ,Hunting of the Snark*

They roused him with muffins- they roused him wih
They roused him with mustard and cress-
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They roused him with jam and judicious advice —
They set him conundrums to guess.

For the sake of complicity let us add that conundru
is a riddle, especially one with a pun in its answe

The author dares not to express his bold opiniah th
Lewis Carroll, writing his poem in our days, would
formulate the last line as

»1hey set him sudoku to guess.”

BREAKTHROUGH VII (XXXII).
AGAIN DISCUSSING WHAT TO DO WHEN IT IS
NOT AT ALL CLEAR WHAT

The title of this chapter is somewhat paradoxal and
slightly contraversial but even in the case whendwse
not know what to do it is possible to undertake som
clever moves.

It reminds a Lithuanian fairy-tale telling us abaut
bright boy and how having nothing but an axe he’d
boiled a tasty meal.

We are going to present to you something very
similar.

A.D. 2000 in Lithuania in the regional mathematical
olympiad the following problem was proposed. This
problem in turn was an adoption of some problenctvhi
in the same Bimillenium year was proposed on thalfi
stage of the Lithuanian students’ mathematical qiaah.

I've already written about that problem (vide [&hd
about some rather interesting  psychological
circumstances which are always connected with non-
standard matters.
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Let us firstly present the problem itself. Formadiyd
frankly speaking this is not at all the high-schpalblem
because an equation of the third degree with three
variablesx, y andz appears in it, making the whole thing
to be not quite the high-school subject.

But never mind: perhaps right now you are in that
state of mind when

YOU CAN MORE THAN YOU EVER SUPPOSED.

We consider the equation
X2+ + 2+ 10 =xyz
in positive integers x, y and z.

It means that first of all we are eagerly lookimgy f
some three positive integers in order to repbageandz
and get the right equality.

Let’s continue with the formulation of the problem.

(A) Present us one such triple (x, y, z).

(B) Find 7 such triples.

(C) Does that equation possess 2000 solutions (today

we would ask about 2007 possible solutions)?

(D) Does that equation possess infinitely many

solutions?

“Infinitely many solutions” means that for any give
numberN (which might appear to be unreally big) you
and me or we all are able to find at least N ofhsuc
suitable triples or at least prove that such ta@eist.

Our aim is to structure the problem. So p@j in
which we ask to look for one solution consisting 3of
positive integers is practically at the same time a
invitation to solving. Without saying any word weea
clearly giving to understand that it is not difficto find
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a solution. Look and find, say it to us, we aretiugi
We know that it won’t take a long time.

We mentioned already that asking for something
which is obvious is the way to involve us into aaotiWe
become interested and we are ready for furthertsffo
that area where we’ve started so succesfully.

So in the beginning there was a (simple) question:
show us three suitable integetsy and z satisfying the
equation.

Part(B) asks already for (at least) 7 such triples.

Part(C) wants to be sure about thousands of possible
solutions (appetites usually are growing fasterntha
abilities or food supplies).

Part (D) is already almost philosophical and is
practically asking about possibilities to ensurat tthere
Is an unbounded amount of solutions.

In fact to be unbounded meanssay us any (big)
number N you wish and we will demonstrate thateher
are at least N of such solutians

After that regional Olympiad | mentioned that
problem in an article which appeared in some Littam
computer magazine. Later I've got a letter from the
reader. The author of the letter was an assocrafegsor
for informatics at University.

In that letter some extremely natural surprise
connected with the discussed problem was exprassed
words:

| took the look to that problem and I didn’t know
what to do

Other thoughts which weren’t expressed by words
and remained below the water might be (and almmst f
sure were) the following ones:
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How can it happen that | am not able to solve a
problem which was proposed for the students?

The question is frank, serious and very naturais It
human question.

Let us again regard the question: is that problem
really difficult?

The letter of the reader indicates that the quesso
well exposed. If at the first glimpse it is not guclear
what to do it means that the question is suitabte rmay
be useful.

Part (A) asks really, as it was already told, for
something almost trivial: to find or to guess ondable
triple for our equation — no formulas need to be
mentioned or calculations applied. Find out and, say
nothing more. Making an effort you’ll gain an
experience. Unavoidably. You'll become clevereruYlo
see right now more than just before.

At that place it could be frankly exposed that our
attitude towards the guessing and forecasting espec
at school is cautious. We understand such teacrets
share their views perfectly well. No one is goinogleny
the value of foreseeing only because sometimes trer
some doubts concerning the sources of such knowledg
The origin of that sources may be based on the mind
power of my neighbour or on inscriptions in his exse-
book. Could be and not seldom are. So the factwieat
are taking that sudden knowledge with some reserve
understandable but on the other hand it doesn’y d@en
contradict even in slightest degree the undoubédalevof
such foreseing.

Needless to remind that not in vain all TV news
begin or end, or even both, namely with weathesdast
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and we are listening to it with all our seriousneBsis
has also very much in common with the art of pragico
and prediction and with other notable sciences skildl
resources.

The author had been discussing exactly that problem
and such situation in the very different audienfrem
youngest students untill these of skilled teachersust
state that at least after 20 seconds someone fhem t
audience, when asked, was able to present the éxamp
such concrete triplex, y and z satisfying the given
equation.

| would like to add that such wanted triple was
always the triple (3, 4, 5). This triple indesdhi suitable
one because plunging it in the given equation we ge

FP+42+52+10=3:4-5
because
9+16+25+10=60=3-4-5.

Stating that, we are done with the p#&&) and
become much more involved and interested in thelevho
process of solving, and we’d like to ask first bf a

What about the possible obstacles when completing
part(B)?

The next task or paifB) was the question about 7
suitable triples. Regarding that first solution mmost
famous one from all Pythagorean triples

(3,4,5)
we gathered also some precious insights concethiag
guestion “how is that equation made and constr@®ted

How is it arranged? First of all it ought to be
mentioned that our equation is arranged in so-talle
democratical way or in such a way that all variabde
unknowns “possess equal rights” or are particigatm
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that equation “all in the same way”. The influenzle
every unknown magnitude is the same as the infrienc
the other unknown magnitude. No one is particigatin
differently than the other and no one is more auiging.

That kind of democracy when all variables are
involved in the same way has its special name: such
equations are being called symmetrical equations.

What does it practically mean and provide for the
world of possible solutions?

In that world this means the following: having one
solution (founding as in our case the triple (353, we
could then change places of these positive intagetsat
triple getting again a solution. Otherwise if itn@anot so
then the participation of variables in equation idatt
be the same or symmetrical. By the way also in
mathematics some kind of partial democracy in chreng
places is also possible, e.g. just as already wresdi
symmetry.

So given a suitable or “good* triple such as (B4,
we can change places of variables in arbitrary Wég'll
successfully proceed in getting suitable or ,gotgles.

So from (3, 4, 5) we would get more suitablel&spor
(3,5,4),(4,3,5), (4,5, 3), (5, 3, 4) and453).

Together with initial (3, 4, 5) we have then alre&d
solutions.

If we were able to find another solution, tHe ahe,
we would also be done with p4R).

We can state now that two so simple things like a
foreseeing of one solution + mentioning the democra
of equation brought us fast 2 of 4 parts ofgbltion.
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“The rest of my speech” (he explained to his man)
“You shall hear when I've leisure to speak it.
But the Snark is at hand, let me tell you again!
‘Tis our glorious duty to seek it!

Now we need some additional impulse for the final
move. You'll be astonished hearing that this addéi
impulse will be connected with the most usual idéa
quadratic equation.

We see that the original equation contains three
variablesx, y and z, every variable may take different
values and the fragment of equation containingrthei
productxyzindicates that is not quadratic, that is already
a cubic equation. So this is not a school prodhat,
nevertheless...

This is indeed not a school subject but still in 2
seconds it may be reduced to something that is
completely school product or at least more school
product and subject than anything else.

Let us take a glimpse of what now is going to
happen.

We will play such a game: this original equation is
not quadratic but if we were plunging in it 4 irestieofy
and 5 instead ot and will go on pretending that we’'d
forget the value ox (in the reality it is not necessarily so!
Hush, we remember thatwas something similar to 3,
but we are continuing with our game hoping thatould
lead us somewhere).

What are the possible profits of our short memary o
from all this theatre claiming that we've complgtel
forgot that value of x? It would lead us to a banal
quadratic equation. And what would arise from that?
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Another value ofx will arise from that. Quadratic
equations are equations witlvo solutions. And exactly
this makes the whole sense and profit of our
performance. This second value xf Thank you very
much! This might be useful. Let’s enjoy furtheraiks.

So plunging 4 instead of and 5 instead ot we
would get the equation

X2 +42+52+10=x4-5
or
X2-2x+51=0.

This equation really possess also another solution
different from 3 and that different solution xs= 17.

This x = 17, being another solution of that quadratic
equation, leads also to the triple (17, 4, 5) whglthe
new solution of our initial equation.

Formally speaking this is already th&" Bolution
we’re asking for, and this completes the Bt

Afterwards the permutations of that triple (1754,
may and will follow. These permutations we are \aéd
because of democratic structure or symmetricityouf
equation.

From the triple (17, 4, 5), changing places of the
participating numbers, we’ll get also triplets7(5, 4),
(4,17, 5), (4, 5, 17), (5, 17, 4) and (5, 4, 17).

We have got already 6 + 6 or 12 solutions. Int fac
we've learned also how to produce new solutioosfr
the so-called old ones. Again we could take theldri
(4,5, 17) and plung into initial equation 5 insteaf y
and 17 instead aof and will once again go on pretending
that we have just forgot the valuexof

(Again, dear reader, don't worry, you and | or wié a
remember that x could indeed be 4!)

62



Repeating that game and process we get the quadrati

equation

XX+52+172+10x-5-17
or explicitely

X2 - 85x + 324 =0,

which leads us to other solution or tox = 81. So
(81, 5, 17) is already the ©3olution and this process
may be continued without any end (why are we se sur
that we won't one day be moving in a circle?).

For the careful reader we could advice right now to
consult the Vieta’s theorem which connect the ramfts
guadratic equation with its coefficients and se& hb
ensures that our process of pretending will atyegép
produce a new solution of quadratic equation and
consequently provide new triples satisfying ouragopun.

Indeed, everything we need is to be sure that the
following is always right.

Assume thatx( y, 2 is a solution of the equation
X2 +y2+22 + 10 =xyz such thatx <y < z Denote the
sum of variableg + y+ z by K.

Then the tripldyz — X, y, z)s another solution of the
given equation with greater sum of variables K.

Proof. Indeed ifX, y, 2 is a solution of the equation
X2 +y?2 +22 + 10 =xyz, then

X2 +y? + 2+ 10 =xyz.
All we need now is to prove that
(yz -2 +y2+2+10 = fz — Qyz.
This is the same as
V222 — Xyz+ X2 +y?2 + 22 + 10 =y?Z2 —xyz

Subtractingy?z2 from both sides and carrying2xyz

to other side we get the initial equality
X2 +y2+7 + 10 =xyz
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which is fulfilled by initial assumption.

It remains to be noticed that the conditivrx y < z

guarantees that the new sum

K=({yz—x)+y+z
of variables is greater than the “old” K x+vy+ z
because indeegz—x > x.

We would like to ask the reader (using the same
ideas) to solve the original equation which, aw#s
mentioned already, had been proposed in the Liihnan
School Olympiad, vide book of Mgs [4], p. 36.

The equation

X2 +y2 + 72 + U2 =xyzu
is to be solved in natural numbers X, y, z and u.

(i) Find at least one solution;

(i) Find at least 33 solutions;

(i) Prove that there are at least 2000 solutions.

BREAKTHROUGH IX (XXXIHI).
THAT ALLMIGHTY IDEA OF SIMPLIFICATION

Taking three as a subject to reason about —
A convenient number to state

We add Seven, then Ten, and then multiply out
By One Thousand diminished by Eight.

It sometimes happens that we do not regard that
~allmighty idea of simplification* as something bei of
extreme importance, though theoretically and
ideologically we are completely aware that it i th
universal method.

Let us take a look at the problem which we will iy
reformulate more than it has been already refortadla
Be more adopted than we’'ve seen it to be. Thealniti
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adoption is again due to the famous Sankt-Petegsbur
composers of problems for beautiful minds (vide, [5]
problems 29 and 35, p. 14 and 15).

Adoption is very important. In ideal case it means
that the problem is presented with such detail$ Wea
tend to believe: everything described in the teas h
actually happened in the real life. We’'ll never egiup
any efforts to decorate the problem with attractarel
meaningful circumstances which are more than
understandable for our possible reader.

This is not easy to achieve but it is always worth
doing.

At this place we would like ask you to estimate wha
form of the problem you’d prefer:

(A) strict and formal without any unnecessary

words
or

(B) with some elements afecoration, application

and adoption.

Versions which are more similar té)(we will call
normal versions and those more similar t@) we will
refer to adwuman versions.

Both forms, eithemormal or human, have clear
advantagesof their own.

1. Normal (strict or, so to say, more scientific)
version.

Good balances without weights and 9 closed vessels
weighing 1, 2, 3, 4, 5, 6, 7, 8, 9 kg are givere Weight
of each vessel is being indicated on it. Into ohéhese
vessels 1kg weight was put in.

Making two weightings determine into which vessel
that weight was put in. Is it possible?
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2. Human (popular and more appealing) version
which we’ll actually risk to present with fragmen$
possible adventures.

In ideal case and form it could be as nice as ayfai
tale.

Winnie-the-Pooh is sitting on the strongest horiabn
branch in the oldest oak in the huge forest andrdieg
as always about non-stopped honey consuming. The
honey supplies for that period of time were satisfiey
sufficient. Next to him on the same branch 9 vessath
honey weighing correspondingly

1, 2,3, 4,5, 6,7,8, 9
kilograms were carefully and safety located andeach
vessel its weight was clearly indicated. He intehde
actually to start the consuming process but wasesnig
interrupted by the visit of conservationist Big CBig
Cat was the major of the forest. Big Cat once again
carefully examined all licensies of Winnie: firdtall the
permission to habitate in the forest on the braricln
the licence to work with balance and the permissmn
keep the food supplies, especially these with haney
vessels.

All permissions and licencies were O.K., still some
tension remained in the air because it was a psblicet
even for Winnie that the Big Cat wanted to move bim
from that oak. He visited him practically every daften
repeating to Winnie that other inhabitants of tbeeét
complained to him about Winnie’s attitude and
behaviour. Main reasons for the complaints were the
following: the branch cracks are making too mucis@o
he snores also too loud and he mouthes also todn muc
and too noisily. Cat repeated that he has yet many
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complaints from inhabitants of the forest. So hsited
Winnie day by day and spoke, spoke, spoke...

Strongest branch in an oldest oak in such a huge
forest! Needless to repeat that Big Cat after Waisni
removal would rent it at once gaining consideraivlait,
or would privatize all that for cents and will hifer the
tourists practically all year long.

Sunk in deep thoughts Winnie paid no attention to
the crow which flew by holding a good piece of cteen
her beak. And this crazy crow of course dropped tha
cheese with weight naturally exactly 1 kg into avfe
Winnie's jugs. First Winnie didn’t take any noticd
what had happened.

But in the forest in every tree and also aroundsit
well as in any other possible place or in everyasgu
meter the life was developing with extremal inteitgi
That explains why after a few seconds since thegyl k
piece of cheese landed into one of Winnie’s jugshiast
neighbour Magpie came along with her eternal chgpi
,0h, oh | have seen, have thou seen where the grost
have been?“. It lasted several seconds until Winnie
understood the whole sense of what had happenedt Wh
still wondered him was this everlasting complete
Magpie’s knowledge about all possible things which
happened around. In our case Winnie wondered hdw di
she happen to know that the weight of the droppedep
of cheese was exactly 1 kg.

He remembered that Magpie always was excellently
informed but still every time when he dealt withatth
knowledge same strange feelings occured and atsiste
thoughts.
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He ask impudently: ,How can you be so sure that the
cheese’s weight was exactly 1 kg?*“.

- It was scrapped out on it,- said Magpie.

At that moment the Fox was running by. Naturally
the Fox was also informed about the weight of chees
and about the whole affair. Fox also boldly claintledt
with his balances without weights Winnie can dohimag
in the sense of finding out in which vessel now the
cheese is without opening all vessels.

But the skilled Budger the science manager of the
forest claimed that this is possible, and moretwewent
on claiming that this is possible to be establisimetivo
weightings.

- But I'm not so sure that Winnie is already so
skilled and clever as to find it out in the nextuie, -
frankly added the Fox.

And they made a bet. The Budger claimed Winnie
will do that, while the Fox claimed in turn that Nie is
not yet as clever for that.

Soon each bird and animal ten miles round that oak
became involved and informed and long discussions
aroused about retrospective and perspectives Bvédry
bird and animal became a specialist in the area and
wondered whether Winnie could indeeth two
weightings using his correct balances without weigh
really find out in which vessel this 1kg of cheesss
laying. We still remember that there were exactly 9
vessels with honey weighing exactly 1, 2, 3, 8, 3, 8, 9
kg each and that the weight of each vessel wasgbein
clearly indicated on the bottom of every vesselwNo
when the cheese was being dropped in, one of these
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inscriptions wasn’t true. Which of them? How todfii
out for sure?

So Winnie was sitting on his branch deep in thosight
regarding what to do, and thousands of invisiblesey
were following his slightest wink.

They were waiting and Winnie was racking his
brains.

What kind of advice could we make if we were
starting consulting him?

How could we now apply our ,allmighty idea of
simplification*?

Our consultings could start with the serious pragdos
to Winnie firstly to try to understand at most howvany
vessels of honey with regularly increasing weidgaisg

1kg, 2 kg, ...,
could Winnie possess, so that after similar drophaese
in one of these vessels he wouldabée to establish in
one weighting in which vessel did that 1 kg pieck o
cheese land?

With one jug of honey of weight 1 kg everything is
clear as the day and moreover we need to do nothing
there is one vessel and the piece of cheese ikanh t
vessel.

Having two jugs with weights 1 kg and 2 kg aftee th
drop of cheese into one of the vessels we musidyjrdo
something — no happiness without the deeds.

In that case the things are obvious or almostativi
you can invent nothing better than putting the vé&gsel
on one plate, the 2 kg vessel on another platet@isée
what will happen.
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Now two things can happen: either both sides are
even or they are not. In the second case one side i
lower (and another higher).

If both sides are even it means that the cheese is
the vessel on which 1 kg was written, and if battes
are not even then the cheese had fallen into Z2kgel.

So in the case with two vessels we can easily find
where the cheese had felt in making one weighting.

And what if we would take three jugs of 1kg, 2 kg
and 3 kg?

Then the matters are not as promising as we would
like them to be.

But the question remains and demands the answer.

What to do with 3 vessels of successive weightg,1 k
2 kg and 3 kg, knowing that there is a 1 kg piete o
cheese dropped in one of them and we have only one
probe on our disposal?

We start with completely trivial remark that we rmus
lay something on either side of scales. This ig tout
gives to us not so much.

Imagine we put 1 kg and 2 kg together on one side
and 3 kg on another side. Let us say that we atege
whether 1 kg + 2 kg is still 3 kg or shortly whet

1+2=37?

If the balance indicates that both sides are elen t
on both sides there is the same amount of weigfttid
so right now then we will claim that it is impos&b
Why? It is clear that both sides won'’t be even.yTt@n’t
be even because one of these 3 vessels contaigs 1 k
piece of cheese. This means that on one side #neré
kg of real weight, while on the other only 3 kg.i9is a
reason why the sides can’t be even.
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But if the sides are not even then one side will be
higher. Now there are two possibilities:

(i) side with 1 kg and 2 kg vessels is higher;
(i) side with 3 kg vessel is higher.

In the case (i) everything is fine because therg3 k
vessel is heavier than the side with 1 kg + 2d@that
cheese is in the 3 kg vessel.

In the case (i) we can say only that the cheese is
either in the 1 kg or in the 2 kg vessel but in ahhi
exactly we can't say for sure — we can only guess.

All this doesn’t look very promising.

We ought to regard all cases. In a lucky way tlaeee
not much of them because of only 3 vessels involved

To put all three vessels on one side would be pure
monkey’s business. If all three vessels are inubltreen
the 3 kg vessel is also being used, and puttingroth
1 kg +2 kg on the other side of balances giveshes
previously discussed hopeless situation. That tsituas
bad because there is a case when we have no sotutio
we are not able to find the vessel with cheesks. $D in
the case when

1 kg + 2 kg > 3 kg.

Further if one of these 1 kg or 2 kg vessels cotoes
the same side where 3 kg lays then on that sidbave
already at least 4 kg of weight amount (or 5 if theese
happens to be on that side) and on the other lsede are
at most 2 kg (or 3 with possible cheese). So weaggn
decide nothing.

It remains to discuss the case when we use 2 of 3
vessels in that only weighting. Then we can takg bn
one side and 2 kg on another. If the sides are even
between plates then everything is clear and findg1
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piece of cheese is contained in the 1 kg vessélif Boe
sides are not even then we can’'t say anything of
importance again because then the heavier plat@liste
with 2 kg vessel and it might be with cheese ars al
might be without. Clearly the 2 kg vessel eithethwi
cheese or without it is heavier than the 1 kg Jesse
without cheese.

The same could be repeated in the case when we lay
2 kg on one side and 3 kg on the other.

In the situation “2 of 3 used in one weighting” ynl
the case 1 kg on one side and 3 kg on another side
remains. That case is the worst: we can’t say amyth
definite at all.

So resuming we can say: having vessels with
consecutive weights 1 kg, 2 kg, ... and only one
weighting at our disposal we can manage only tlse ca
with two jugs weighing 1 kg and 2 kg. It is impdssito
achieve nothing more having 3 or more vessels.

Still we would like to emphasize that nevertheless
we’ve learned a lot. You'll see it in the comingagter.

BREAKTHROUGH X (XXXIV).
O JUGS AND 2 WEIGHTINGS: FANTASY OR
REALITY?

The main fear, which we may take from the previous
chapter, is perhaps the fear to remain with 3 \gdge
second weighting. This was exactly the situatioremvh
we’d failed in the previous chapter. In this chapte’ll
see how the Siweighting will help the %' one and that
now we may remain with 3 vessels and won't failioigir
the 2 weighting.
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Let us begin to check the equality whether former
1 kg + 3 kg + 8 kg vessels still have the sameglateas
2kg+4kg+6kg vessels? The vessels 5, 7 and 8
remain untouched.

Assume that it occurred that the side with 1, 3 &nd
kg vessels is heavier. It can be so only becaugseobn
these 3 jugs contains cheese. From the first sight
might imagine that our situation is again as hogelas
that with 3 consecutive vessels with weights 1néd 8
discussed in previous chapter.

Both situations are indeed similar but not ideritica
We indeed remain with 3 vessels of 1 kg, 3 kg arkd) 8
and only one weighting left.

But one thing now is completely different as it had
been in the previous chapter: we have a lot ofalsss
about which we know that they are without cheesthatr
their weights are exactly as much as it is indidade
them.

The vessels 2, 4, 5, 6, 7 and 9 kg now are “right”
vessels or vessels with no cheese weighing exastly
much as it is written on them.

What are we going to do now in the second
weighting?

We are going simply to take the “right” vessel of
5 kg and to use it checking whether sides with Band
8 are even or not. (1 kg vessel was taken awawy fro
balances and laid aside).

Using our terminology we are testing the equality
3+5=8.

Now there are three possibilities:

(i) sides are even;
(i) side with 3 and 5 is higher;
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(iii) side with 8 is higher.

Our decisions will be as follows:

(i) The fact that in the" weighting the sides are
even indicates that both vessels of 3 kg and 8rkg a
“right” vessels, so cheese must be contained irai&ng
1 kg vessel, which was just being taken away aftd le
aside.

(i) If the side with 3 kg and 5 kg jugs is higher
that means that cheese is on other side. But ar stitie
there is 8 kg vessel and the cheese must be in it.

(i) If the side with 8 kg is higher then the e
on the other side with vessels 3 and 5. But 5 sselke
without cheese or “right” vessel, so 3 kg vessetinhe
with it.

How are we are acting when the plate with vesgels o
2 kg, 4 kg and 6 kg prevails? This again indicdtes
cheese is contained in some of these 3 vesseldakiée
then 4 kg vessel away and lay it aside and irsdw®nd
weighting we are checking whether

2 kg + 8 kg (that's “right” jug!) =

=6 kg + 1 kg (“right” jug!) + 3 kg (“right” jug!)

If the sides are even then the 4 kg vessel whicd we
just taken away is a vessel with cheese, if the 2id 8 is
higher then the cheese is in the 6 kg vessel ast#

6 + 1 + 3 is higher then the cheese is in the 2dssel.

And what in the case if checking whether

1kg+3kg+8kg=2kg+4kg+6kg
we have that these sides are indeed even?

Then the cheese is either in 5 kg or in 7 kg @ kg
vessel (in the vessels which remained untouchechglur
the £ weighting).
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Again we lay aside the 8 kg vessel and take instead

of it the “right” 2 kg vessel for testing whetheills
5 kg + 2 kg (“right” jug!) = 7 kg.

If now the sides are even then the cheese is in the
8 kg vessel, if the side with 5 kg + 2 kg is laglthen
cheese is in the 7 kg vessel, and finally if tHegside is
higher then the cheese is in the 5 kg vessel.

So we have regarded all possible cases and are
extremely fond to state that we are able to deteenm
two weightings in which vessel the piece of chedseh
the crow had been carrying by but droped has larided

BREAKTHROUGH X1 (XXXV).
THE SECOND TEST OF WINNIEE-THE-POOH

There once was a boy of Baghdad
An inquisitive sort of a lad
He said, ,Let us see
If a sting has a bee.”
And very soon they find out that it had.

Could you ever imagine that Winnie-the-Pooh
became rich and bought the place of residence thih
special larder for honey supplies?

On one shelf there were 10 small glasses with honey
First glass is with 100 g of honey, second with 101
third with 102 g and so on, the l@ontains 109 g of
honey. There is also an unbounded supply of empty
glassesall glasses are of the same weight.

You may ask why there are such small glasses if
Winnie now is no more poor?
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The answer is that Winnie now is indeed no poor
person. He is attending also the fitness club,shahy
he is no more consuming honey in kilos.

But by the old good tradition the weight of honey
included in it is carefully written upon the glaged the
balance is also the same. Everything remained airag
it had been. Only honey is measured in grams and no
more in kilos.

One day when all glasses as well as all doors of
larder were open suddenly a swarm of hornets, e&ch
them weighing only 1 g, flew in. The careful homejer
reported that after the incident not all of hornéésv
away. It followed that at least one hornet hacefallown
or sunk in some of these opened glasses.

Now when all glasses were being closed Winnie
thought whether is it possible without opening &hes
glasses but using balance without weights to fiot ai
least one glass with at least one hornet in it.

The number of weighings now was of no importance
for him, the only principal thing which bothered him
was to find out for sure some glass containing aehst
one hornet.

We are again his advisors. What should we advice to
Winnie?

Firstly of course we could advice him something
what we usually do - to reduce drastically the nanf
glasses because we feel that the proper solutioumdrt
depend on the number of glasses. It shouldn’'t be an
essential difference between 2 or 10 or even 10@0 s
consecutive glasses. Everything should be similauch
are our insights.
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Let Winnie take only two glasses: one with 100 g of
honey in it and another with 101 g. That is onlyt bu
exactly 1 g more.

What to do?

There is no big choice. There is practically noeoth
choice than to put the 100 g glass on one sidetlamd
101 g glass on another side and to see what happens

As usual there are three possible outcomes of the
weighting:

() Both sides are evemut one side is the side with
originally only 100 g of honey in it. If 100 g idnWwith
hornet then it would be impossible that the sideh w
100 g and 101 g are even. So only hornets in thatgl
glass may ensure the evenness of balance.

So if the sides are even then we can guaranteénthat
100 g glass now there is at least one hornet. Ngthi
more couldn’t be told — neither concerning numbgr o
hornets nor about their presence in another 1dassg

The only essential thing that could be added is the
following: If there are some hornets in the 10llgsg
then in the 100 g glass there would be exactlylwraet
more.

(i) The side with 100 glass is higher than thkeot
side with 101 g glass.

In that case the same essential conlusion conggrnin
the presence of some hornets in the 100 g gladd beu
made again. Even slightly more could be stated. Mew
can guarantee that there are at least two hornetisei
100 g glass. Or, generally speaking, that in the ¢0
glass there are at least 2 hornets more than inQhey
glass.
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(iif) The side with 101 g glass is higher than #hee
with 100 g glass.

What's now? There is the ,usual weight hierarchy”
obeyed just as it was.

In the case we are leaded by some consideration of
philososophical nature:

Because it was assumed that at least one hornet
felt into some glass we can guarantee now that ié
101 g glass there is at least one hornet. Otherwigses
would have the contradiction: if in the 101 g glass
there are no hornets then there would be some or at
least one hornet in the 100 g glass so then the eid
with 100 g wouldn’t be easier than that with 101 g.

Now returning to the shelf with 10 glasses with,100
101, 102, 103, 104, 105, 106, 107, 108 and 109 g of
honey in them we see that we understand already
perfectly what should we advice to Winnie.

He ought firstly put first two neighbouring glasses
that with 100 g on one side and that with 101 gthoa
other side. If both sides are even — that is, & fbrmer
“weight hierarchy” is no more valid, then Winnie rta
drop weighting and announce about at least 1 hornet
contained in that 100 g honey glass.

If both sides are not even then Winnie should go on
comparing next neighbouring glasses, or these afdL0
and 102 g. Again if the former “weight hierarchys no
more valid then there is at least one hornet in1bé& g
glass. If it is, then we compare the following
neighbouring glasses, and so on.

In any step, if the former “weight hierarchy” of
neighbouring glasses is no more valid, then therati
least one hornet in that originally easier glass.
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The final step is to decide what to do if in alsea
weighting neighbouring glasses shows that the forme
“weight hierarchy” holds. Then...

WHAT'S THEN?

Then it is exactly so as it was in the case witly on
two glasses of 100 g and 101 g on the shelf.

Then it can again be stated that in the last glases,
in this case in the 109 g glass, there is least boenet.

Note that we are in no way able to establish the
least number of the glass which contains a hornet.

BREAKTHROUGH XII (XXXVI).
THE THIRD ALREADY METAPHYSICAL TEST OF
WINNIE

After intensive thought Winnie was sleeping as a
new-born baby. Babies are believed to sleep without
dreams. Winnie dreamed sometimes. So once in some
thrilling dream Winnie had seen how his shelvesabez
to be infinitely long (you know, in dreams everyitiis
possible). In dream he had clearly seen the ieliynibong
shelf with infinitely many glasses of honey" dlass was
with 1 g of honey, %' — with 2 g of honey an so on,..., the
2007" was with 2007 g of honey, and so on — it was no
end for honey and glasses.

Again he had seen in the very same dream the
unbounded quantity (finitely or infinitely many -
afterwards he’d found out that it makes no diffeenof
hornets all of the same weight again equal to lhghv
was flying along that shelf, and at least one eifritfelt
in some glass with honey.
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Winnie woke up deeply terrified with the thought
that in such situation even after infinitely many
weightings with balance he cannot guarantee fogthss
with hornet in it.

Again if we would lay down any pair of glasses with
neighbouring weights containing honey then even
assuming that he is able to do infinitely many Wéitgs
with these neighbouring glasses nevertheless ithimig
happen that Winnie couldn’t guarantee for anything.

Well, again if in some weighting the former ,weight
hierarchy” would be no more valid then Winnie oficse
would be able to show one glass with honey anddtorn
Say, if he laid on one side of balance the glagh wi
2007 g of honey and on the other side — 2008-gram
honey glass and it appeared that the 2007-grans glas
isn’t esier than that of 2008 then Winnie could $awy
sure that there is a hornet in the 2007-gram glass.

But if in no case the ,weight hierarchy” is being
“violated” then he could say nothing — only gueBst
guess doesn’t mean find out.

For example, imagine that in each glass one hornet
felt in. Then the “hierarchy of weights” isn’'t ,Mated”.
Because there is no more such a notion as “theidstav
glass” we cannot show some glass and sbjgon my
word of honor, there is a hornet in that glass”.

This is a good example thanfinitely many can be
too much”.

In other words the situation which we were able to
solve in finite case we are no more able to solve i
infinite case. The task remains the same. Butnitefi
case we can manage the situation and in infiniteecae
can't, at least we can’t do it in the same way.
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Of course, these considerations are not any kind of
proof that Winnie’s task is unsolvable in the infinitese.
The proof can be given, e.g., by contradiction, garnmg
two situations:

a) one hornet in each glass,
b) no hornets at all.

We assume that the reader isn’t angry hearing our
speaches about the infinitely many Winnie’s glasses

The infinity is around us, it looks to us from vaos
places or from each corner. For example, no one has
slightest doubts that there are infinitely manyegers
(practically, given anyN we will surely find larger
integers thai)!

We also have no doubts that in any intervall tleeee
infinitely many real numbers.

This reminds the public joke about the man of
property and wealth who mentioned once that thiyrea
rich man is that which is not able to count up a8
money.

That is also something going towards the infinity.
our imagination the infinity is something extremédyge,
something possessing no limits, something almost no
understandable and mysterious.

To all what was being actually told, in the followi
Breakthrough we would add also some slightly
mystically looking problem. That problem by thesfir
glimpse describes the situation where no soluteemns
to be possible or at least it is not so easy eveguess
and feel from which side the solution would arrive.
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BREAKTHROUGH XIII (XXXVII).
HOW TO FIND THE PERSON WHOSE NAME
NOBODY KNOWJS

Once it happened that the friends of Sherlock
Holmes, that most famous detective of all nationd a
times and also the inventor of deductive and mahgro
scientific and artificial methods in pure and apgli
sciences, organized his meeting with another famous
detective Poirot. Their meeting should better bkeda
seminar or workshop if we use modern slang and
terminology. It should be also noticed that all sihe
things where organized in those days when no one in
England knew the name of that famous French spgakin
detective star.

This meeting taking place in London naturally was
provided in the famous Baker Street, in the newdbui
Palace of Arts and Logics. It should be repeated tio
person in England knew the name of Poirot. It sthdnd
also pointed out that Mr Poirot arrived in Bakere$t
not alone but in assistance of 99 assistants. Beh e
these assistants also didn’t know the name of MoBo
which in turn knew perfectly well the name of eadtlnis
assistants. Concerning the names of other asssiant
should be added that some of them knew some names
other assistants and some not. When being asketidor
names of other, all assistants involved were always
speaking truth.

It means: if you were speaking with any of these
assistants and, pointing out to some other assistame
asking whether he knows the name of that othestasdi
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you just pointed out, then your question would aisvee
truly answered with “Yes” or “No”.

For the sake of curiosity and completeness it shoul
be also added that Mr Poirot and all his assistaet®
identically dressed and also identically made upghsad
they all looked really like the copy of one and Hame
person.

On the opening ceremony Mr Holmes in excellent
French, in aristocratic and in the same time unsspgly
cordial way greeted all his colleges and friends.
Afterwards he also confessed that he also doeswivk
the name of Mr Poirot. He declared also that hddctoy
to find out which of his honored identically lookin
guests is indeed Mr Poirot.

For that he asked only the permission to approach
any of his guests who all were standing togethemnor
corpore in the guest hall and to repeat if necessary the
only question we already mentioned and discussed.

Mr Holmes was asking for permission to approach
any of them and, pointing out to any person, ask th
question: “Do you know his name?” We would like to
remind that possible answers could be only “Yes” or
“No”.

No other answers were allowed. Mr Holmes ensured
that there will be no need to repeat that questimme
than 100 times. Really we felt some doubts whetiese
“yes” or “no” could ever lead to the aim which wie
indication which is Poirot from that centurion arrfdred
identically decorated gentlemen.

We would like to mention once more that hearing all
this we felt some slight doubts about the possybiio
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find out the person the name of which nobody knows,
repeating the same question.

Otherwise we understand also that Mr Holmes didn’t
promise to find out that unknown name, but only the
person carrying that unknown name. There is a tsligh
difference between these two matters and the sdeskd
might be a bit easier.

Nevertheless, frankly speaking, we all were
interested to see how Mr Holmes was going to futfilat
he'd promised to.

All who attended at that moment remained silent
just as they were — it's no wonder by such speciali
which is always also the way of life and mirror of
attitude and behavior.

So in our mind’s eye we see Mr Holmes approaching
to some person — let it be Mr A — and pointing out
another person — let it be Mr B — and asking Mr
whether he knows the name of Mr B.

What conclusion may be drawn from the Answer
YES?

From the Positive Answer YES we may draw the
conclusion that the name of Mr B is known to Mr Aos
that Mr A is disposing some valuable informationoS
Mr A could be even Mr Poirot itself but not necesia
— he could be also one of these better informed
gentlemen. Concerning Mr B it could be stated farre
that Mr B couldn’t be Mr Poirot because in that cas
Mr A wouldn’t know his name.

Shortly speaking in the case of Answer YES Mr B is
not Mr Poirot or MONSIEUR POIROT.

Ask Mr B in such a case to follow the housemaster t
another room with food supplies and refreshments.
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And what conclusion may be drawn from the
Answer NO?

From the Negative Answer NO we may draw the
conclusion that the name of Mr B is unknown to Mr.A
So now Mr A doesn’t belong to these AT LEAST A BIT
INFORMED PERSONS NOT TO SPEAKING THAT
HE MIGHT BE Mr POIROT.

Shortly speaking in the case of Answer NO Mr A is
not Mr Poirot or MONSIEUR POIROT.

So now askMr A to follow the housemaster to the
room with food supplies and refreshments as well.

We understood now exactly the main principle how
Mr Holmes is acting and performing. In the firs¢tn
either case he eliminates already one person.ercdise
of Answer YES he eliminates that person he actually
pointed out after approaching and in the case A
NO he eliminates the person, which he just appredch
and asked.

On the second step an arbitrary pair already cay pl
the role of a pair consisting of Mr A and Mr B withe
same question and the same way of elimination ef on
person from that pair. In either case one of them to
follow for relax.

Now for the fundamental reader the last question
might arise:

What will happen at the very end? Mister Holmes is
continuing eliminating persons till only two persoare
being left in the room.

What will be the final accord of that story? Whall w
happen after the question will be repeated 98 tPmes

It's clear. The same question of course. And what
will be Mr Holmes decision about the possible ans®e
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After these 98 identical questions the same, ajread
99", version of that question to the only pair of dses
left in that room will follow.

This question is

“Do you know his name?” asked Mr. Holmes
attending Mr A and indicating to Mr B.

In the case of Answer YES Mr B could in no way be
Monsieur POIROT.

Then another person of these 2 guests left or Mr A
must be Monsieur Poirot because Monsieur Poiretilis
present in that room. He must be one of these rentpi
2 persons. There is no other choice.

If not Mr B, then Mr A.

In the case of Answer NO Mr A could in no way be
Monsieur POIROT.

Then again another person of these 2 guests left or
Mr B must be Monsieur Poirot because Monsieur Roiro
is still present in that room. There is again nbeot
choice.

If not Mr A, then Mr B.

We did it. Or better to say, Mr. Holmes did. We all
did.

We understood once and for all times how does it
run.

We found the person the name of which was
unknown.

We found it using the simple but effective methdd o
elimination.

Simple conclusion after successful process of
elimination.

86



Again if the number of friends were infinite then
even Mr Holmes applying that method of elimination
wouldn’t achieve anything.

Because if you have infinitely many persons then,
eliminating person one by one, you will never achie
the situation which we just enjoyed with the onbirpof
persons left after a finite number of such steps of
elimination.

There will be infinitely many guests left after any
(finite) number of steps.

Always infinitely many. Never one, or few or
several.

We dare express it by saying that

INFINITY MINUS ONE IS ALWAYS INFINITY.

To understand what was being performed is one of

the finest feelings.

BREAKTHROUGH XIV (XXXVIII).
WHAT IS POSSIBLE TO FIND OUT AND WHAT IS
NOT?

The beaver had counted with scrupulous care,
Attending to every word:
But it fairly lost heart, and outgrabe in despair
When the third repetition occurred

Very often being in good mood or simply
optimistically disposed we naturally tend to thiakd
believe that we are able to establish or find out
practically everything. We need of course somerdsde
information.

Otherwise we would repeat with the Romans:

Ex nihilio nihil
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The translation might be:

Nothing comes from nothing.

There are several reasons which are responsible for
that.

Firstly we may know not sufficiently much. It may
happen and often happens that they have given tis no
enough information. It is worth mentioning thamight
happen and also happens that we are given too much
information. That is, we could and would to find tue
truth also in case if we wouldn’t know that muchveas
actually know.

In the first case when we’re insufficiently inforthe
and still trying to be at least a bit funny we abulte the
famous problem from the book “The adventures of the
brave soldier Sveik” due to the worldwide known €lze
writer Jaroslaw HaSek.

In the house there are 5 floors with 5 windows in
each floor. In what year the Grandma of the house
master was born?

It also happens rather often that, when we face the
problem, we know too much — or that we have redonhda
data condition.

Then of course we are to choose and can also state
explicitely what we really do need to apply fording
out what is the truth in the given situation. luttbeven
be said:

To know too few isn’t good at all but to know too
much often is also not convenient. It can be batiger
We can be forced to reduce. It takes time.

At this place the author remembers some old joke
from the socialist time which he have seen in tbksR
humour magazine Szpilki.
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The client to the waiter after his bill was pressht

- | have no money. But | have time. And time is
money.

There are also conditions, which do not allow us to
reproduce the full retrospective of what had happdvut
are sufficient for reconstruction of some aspectsame
details only.

We will consider some example, which we have seen
in a Sankt-Petersburg book of mathematical or
panhuman wisdom.

We will again slightly adobe or dramatize the
condition carefully trying to keep the intrigue tie
whole adventure.

The modern generation is considerably less familiar
with the outstanding warriors from the French higto
namely with ATOS, PORTOS and ARAMIS and with
their colleague D’ARTAGNAN which you perhaps
couldn’t call the chief of that company but who was
something of the kind.

The famous French writer Dumas wrote plenty of
books describing their adventures. You can't guaen
that all what was described really had happenedusec
it lookes too good to be true. Some kind of Haroytér -
many are reading and enjoying but very few do take
whether it indeed might happen. The fantasy of ewrit
eliminates such a question up to some time.

Concerning the deeds of musketeers the historians
claim that the historical context was set perhapdarly
but quite differently, but nobody’'s taking care fibrat
because it is so nice described.

And, concerning objectivity, it could be added that
your version is the nicest among all versions which
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remain when the event is already forgotten, thear yo
nicest story is believed to be also the truest one.
Si non a vero a ben travato.
Even if untrue, well done.
What's well done that’s nice, and what’s nice that’
very convincible.

BREAKTHROUGH XV (XXXIX).
LAWN TENNIS OR THE BRIGHT MUSKETEER
D’ARTAGNAN

He walked with hyenas returning their stare
With an impudent wag of his head

And he once went for walk paw by paw with the bear
Just to keep up its spirit, he said

This is a modern problem decorated with names,
which once were known as well as now the name of
Harry Potter is. These names of musketeers weré wel
known to each who was fond of reading the bellésel,
and the number of persons who were fond of reamting
those days could be comparable only with the nurober
these who nowadays are spending days and nights wit
computer and so become familiar with informatics.

All we wanted to express is that these who nowadays
are good in informatics, in those days were intensi
book readers.

Once these three musketeers were training on the
tennis-court — don't forget that they all were viais of
the King Louie XIlIl, the counterpart of Cardinal
Richelieu.

Meanwhile they all were involved in the tennis game
The game was arranged in the following manner: two
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were playing one set and the third was their judgter
the game was over the loser was going to judgetlzad
judge was going to play with the winner, and sot tha
whole affair run on.

After that long play was over they stated that Atos
had played 15 sets or 15 times, Portos — 10 anchi&ra
even 17. D’Artagnan, who just arrived seeing thable
statistics consisting from 3 numbers, declaredabisity
to determine losers of many sets.

— But how on earth can one determine the loser of so
many sets having these 3 numbers only?

— Many facts grow up from these 3 numbers.

— For instance which exactly?

— For example | could tell you who'd lost the second
set you've played.

— May you be able to tell also who won the second
set?

— But | beg your pardon; I'm not speaking about
whowon the second set but

— I’'m speaking now about wholdst it.

— Does it make any difference?

— Yes, it does. | repeat that I'm not claiming to be
able to determine everything in France having dhbse
3 numbers, but | insistently repeat with all my Imithat
| can say for sure who lost the second set.

— Can you say also who'd lost the third set?

— No, I'm not speaking about it.

— What else could you say having these 10, 15 and
1772

— Many things. For instance | can tell whast the
16" set.
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— And may be you can tell us also whon this 16"
set?

— Again | am not speaking about wheon it but
about whdostit.

— So what, you who are such an excellent fighter and
perhaps the first amongst king’s warriors suddenly
become a specialist on losing?

— | do what I can.

— Please explain us how are you doing it.

— Let us sit down on the bank and, please, listen for
a while.

Dear reader, we understand that not all of you and
me would be very fond of such an art of popularmadf
so simple problem. Not everyone likes such adoption
But still it's always worth trying.

On the other side if I'm willing to deal with prah
I’'m expected to know what'’s the problem I've chashte
meet is about and be also able to keep in mind all
essential circumstances of the deal.

The adoption can also be slightly irritating and no
convincing when I'm running around with the serious
face repeating that one jump of kangaroo can bekbh®0
long or that a horse can overleap the fence thdtsis
meters high. Or it's a poor fantasy and | am tmedit.

Still the author would never give up his opiniordan
will go on repeating that any at least a bit susftés
adoption or more vivid presentation of the posstiakek
makes the sense of the whole happening more atract
to the possible future solver. It simply and natyra
makes the possible future solver cleverer and kegps
his spirit, and that together with all other usehihgs is
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the most valuable thing what the education maydorin
and propose.

To make the solver more clever than he’'d been
before and to keep up his spirit — this is the most
honorable duty of every human art, especially aleb
mathematics.

Sometimes we are too shy to sagxpressis verbis
or express it in words.

Let us go back to explanations of D’Artagnan. In a
wondering way he was speaking about simplest things
Let’s listen to:

He firstly advised to add up these 3 numbers 150,
and 17. Summing up we’ve got

10+ 15+ 17 =42.

What could we extract from this prosaic banal sum
427? It gives us the common number of all persons
involved in all provided sets.

Now we ought to emphasize strongly that one and
the same person from any 3 of them will be counted
several or many times.

Two players make a set. Two players mean 1 set. So
42 players mean

42:2=21
set. So from that banal sum we extract that thexe 21
set to play.

Take a glimpse at the 3 given numbers again.

Atos had played 15 sets or times, Portos — 10 and
Aramis even 17. There was 21 set as was told and
repeated. Who was the most successful player? Abain
most natural thing is to assume that the person who
played most is the strongest. He was being elirathabt
so often. There remains practically no doubt thed t
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person who played most is the strongest one among
them. So according to numbers Aramis seems to de th
strongest, Atos - almost as strong as Aramis amallyi
Portos is the weakest. So perhaps he as the weigkest
that one who lost the second set. Why must it reecig

be him? What's the reason? Everyone, even thegssbn
player, can loséOnly God can'’t lose

Indeed, will it really appear that is was Portos?

Look again at the number of games Portos played.
Portos played 10 times or sets. There was 21 sé&t. |
clear that each musketeer was playing at leastyever
second time. That means that in two neighbourirtg se
each of them must have played at least once. But 10
times participation in 21 set leaves for Portos dnéy
possibility to implement such game configuratiorisT
possibility is the necessity to play the secondtbein the
fourth, the sixth, the eight, the tenth, the twelfthe
fourteenth, the sixteenth, the eighteenth andvleatieth
set.

And unfortunately the only possibility to make such
a game configuration or to play 10 times in 21mseans
also that you have lost all these sets.

Otherwise you have had participated in some 2
neighbouring sets. But you did not. You lost thdim a

We remember now that D’Artagnan was always
speaking about losers and not about winners. Hk&espo
also about who'd lost the Téset. He avoided any talk
about possible winners.

Nothing more could be told with exception that in
other 21 — 10 = 11 sets Atos was playing vs Asaanid
that Aramis should have won more games.
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Question to the reader:

Can you deduce from these three numbers 10, 15 and
17 how many times did Atos win and how many times
Aramis did?

BREAKTHROUGH XVI (XL).
BEAUTY AND ELEGANCY OF SIMPLE THINGS

There was an Old Man of Apulia,
Whose conduct was very peculiar;
He fed twenty sons with nothing but buns
That whimsical man of Apulia.

The beauty is very attractive; so attractive thas i
even capturing.

You can’t speak more powerfully about that perhaps
than Lord Byron did. Let’s listen to some classicaise.

But even then much remains untold. And always will.
She walks in beauty like the night
Of cloudless climes and starry skies
And all that’s best of dark and bright
Meets in her aspects and her eyes.

Psychologically and humanly beauty is very
powerful. Beauty is something which seems not
exhausting. You are consuming and enjoying itll ati
impression that much more remains untouched and not
used. Similar as it is with infinity.

Infinity minus several is infinity again.

Beauty which appears on the common place where
you even never could suspect it would appear is
psychological point of view even more powerful and
striking. Similar as I've red in an English textlxoof
Ekerslay:
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When | was walking down the street Sir Winston
Churchill went by...

Something totally unexpected may appear on a
common place which you know so well, which you've
seen so many times and where you'd never expected
something what could change your views.

Otherwise the human being is also an old gold
seeker, compareMatthew 7:8, where it is clearly
written: hewho seekghatfinds, and he who knocks that
has the door opened to him.... It could be addedytbiat
can’'t expect it be opened for you promptly or atebut
one day or another it surely would.

So paraphrasing: heho expectghat... .

It is natural that persuing for truth the humannei
has also to deal with some obstacles of logicalelsas
psychological, technological and ideological andaof
other nature. Otherwise it would be many times &un
and forgotten.

This is understandable because if I've solved even
simple or even a trivial problem nevertheless |ehav
succeeded in doing it and for me as a solverptaasant
and | will always be conscious of the fact thatrl able
to present the answer when being asked to.

And may this, even if only in a slightest degree,
widen and deepen unmarkable boundaries of wisdom,
mine and yours — we knew, we did, what a wondet'sLe
continue repeating this. Would you like to presast
another problem?

And the things look quite different when I'm being
asked for something what appears not so simplenwhe
I’'m asked for something what | do not quite undamsl
what I've never heard, when I'm being asked for
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something that, when trying to give an answer, rmake
break my head, mobilize my whole experience andl wil
spend enough of my time..., my time which is so
valuable and what | never have enough.

Even then when I'm able to find what I've being
asked for.

Then | must repeat to myself: don’t lose your tempe
take your time and try again.

Easy said, not so easy done.

Let start from that what is possible

It would be not so easy to find the person, who
wouldn’t be able to master the following task inteur:

The wood which is exactly 100 metres long was cut
into 30 pieces each of which being either 3 or 4tmes
long.

How many times must you cut these pieces into
smaller ones so that all pieces would be exactiyndtre
long?

We are sure that the first but innocent considemati
will always be the same: making all pieces to baetre
long you must do 2 cuts with every 3 metre piecg an
cuts with the 4 metres long one.

If we knew the number of 3 metres long pieces as
well as that of 4 metres long ones, then multigythe
number of 3 metres pieces by 2 and adding it up thi¢
number of the number of 4 metres pieces multipghed
we would get the whole number of necessary cutsnwhe
we’re sawing “bigger pieces into smaller ones”.

The reader with the normal fantasy and even without
sawing-cutting skills could easily imagine that who
process of dividing. Others may visualize and tlate
that process of dividing with simplest picture likes:
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One picture stands for 3 metres long stumps
indicating with bars the future cut places whenidinhg
|piece into 1 Tetre pieces, |and another |is for ‘

4 metres stumps also indicating with bars the &t
places.

Further on the usual process of data densificaion
translation of the whole situation into equatiodustry
follows.

We are to repeat some of these sacramental slightly
boring school phrases saying: let us denote thebeuwf
3 metres pieces by and that of 4 metres by

Then first of all — because in the beginning it was
clearly indicated that there were exactly 30 pieees
transferring the data we write

X+Y=30

On the other side all these 30 pieces we’ve gahfro
the 100 meters long wood so remembering that ailyin
there were no other stumps but only these of 3 or 4
metres long we get

3X + 4Y = 100.

Even such simple system of linear equations might
be solved in a slightly different manner than iugially
done.

Noting that the number 3 - 30 = 90 lays closer to
100 than another number 4 - 30 = 120 we start our
considerations saying: assume that all these piegees3
metres long. Then, strictly speaking, this situatis
impossible because if it were so then the totadjtlerof
all these 30 stumps would be 3 - 30 = 90 instedd0f
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We intend now to start the barter process exchagngin
3 metre pieces into 4 metre pieces. We are going to
realize it without any hurry exchanging them oneohg.

By that slowly, solid exchange the total number of
pieces after each “atomic” change remains as itiiesh
before.

In the same time total length after each change is
increasing — in each step we gain 1 metre of length
Supposed to gain 100 — 90 = 10 metres of length w
must exchange exactly 10 stumps of length 3 into 10
stumps of length 4.

Summing up we see that there were 20 pieces of
length 3 and 10 pieces of length 4 so that the rurob
necessary cuts when dividing them all into piecés o
length 1 is

2-20+3-30=70.

After reading this the reader may state and repeat
that all this was the dull problem allowing mosdrsdard
solution, and our answer would be that the reader i
right.

But replying that the reader might be right, in the
same time now we would like you to take a look to
another possibility for doing that. We are sure and
convinced that at this moment even the previousistal
solution would appear for you of some value and
importance because it is helpful now for comparivitat
is standard and what is nice.

The first move now will be a totally unexpected one
instead of cutting “bigger pieces into smaller dnes
start with the process of an opposite nature ottifpy
smaller pieces together” or, more generally, we are
“gluing” instead of “cutting” now.
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More precisely, we are putting together all the6e 3
pieces into one former wooden superstump or logndpo
that we imagine that for “gluing” these 30 piece®ione
“super piece” or the original stump we need, ofrsey
not 30 but just 30 — 1 = 29 “gluings”.

After that our super piece again is 100 meters long
just as it had been. Now we are going to dividentib
100 pieces of length 1. For that we need to daerattly
100 but just 100 - 1 or 99 cuts. So 29 cuts wilbdbee in
the “old” gluing places and the remaining

99-29=70
will be indeed the “new” ones.

This problem with the nice final remark is being
taken from one of Moscow Olympiad books.

In that place the author would like to add the
following comment of heuristic nature. A really @nnpg
circumstance, which somehow strikes you in the last
solution, is that we can do it even without knogtedf
the lengths of stumps. The only things that you kmev
about the stumps seem to be

(A) the total number of pieces (in the considered
case there were 30 of them);

(B) the lengths of stumps are expressed in entire
metres — or from practical point of view — you cdivide
each stump into some 1 metre long pieces.

Nothing more is required; nothing more is needed,
no other obligatory details ought to be presented.

So we think that the reader understood how using
one line or two words, or three signs, the answethé
following “general” problem could be written:

The N metres long wood is divided inton stumps
of integer lengths
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Ny, No, ..., Nk.

How many additional cuts ought to be made to
make all stumps to be 1 metre long?

It would be not honest or simply common, or it
would be cruel to take away from the reader thasles
of finding out the correct answer, which is as staw
possible.

BREAKTHROUGH XVII (XLI).
CUTTINGS ARE FOLLOWED BY BROKINGS

The origin of solving ideas, even these of simplest
nature — things, which lay at hand, sometimes are s
difficult to take — is usually fascinating, and theare
always some reserves for improving left. We fesdther
strong temptation even to formulate it as somecjpla
or repeat the known tourists’ law:

Don’t be so sure that your way is the shortest one!

Philosophically speaking, everything has its place
and price. Development of ideas always takes time.
Application of these ideas, when solving and coersid),
also isn’t performed in three seconds.

You may also cite the answer of Pythagoras when he
was asked by the emperor to show him the easigsbfva
learning geometry. We remind the reader that ttssvan
was: “O king, there is no king’s road into geomgtry

The courage of Pythagoras at that moment by that
answer is outstanding. This is psychologically
convincing, sounds nice and is true in general.

Realistic person would add also that this is net th
way to speak with kings and other noble persong.iiNo
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vain there is an aphorism of French origin expreésae
words “Noblesse oblige”.

English translation of that might be “nobility
obliges”.

Anyway, you really cannot become a master in
geometry within few days.

Everything takes time.

We again intend to proceed starting to tell theleea
two stories.

First story is about some problem, which is as &mp
as it might possibly be.

Second story is about another problem, which is
perhaps not as simple as it might be. We believbeto
able to do it in such a manner that after 10 mswyiu
ought to be convinced that it is really simple &mat the
reader will be the master of the proposed problem.

The melody of the problem is based on another
problem of Sankt-Petersburg origin ([6], p.9)

John Brown the ever brave soldier has 100 sticks
each of which is either 3 metres or 1 metre lonigatT
resolute soldier feels a strong wish, using thein tal
mark completely the boundary of some rectanglee lis
able to do it his Granddad will buy for him the pal of
exactly the same form he’'d already marked in the
downtown of the Dreamwithmath City.

The only condition raised by his Granddad is the
possibility to break at most one of these sticks

How could the legendary John prove himself to be
bright also in that situation? We remind that hisktis to
mark completely, using all his 100 sticks of eitheor 3
meters length, the boundary of some parcel of ngctiar
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form and broking by that at most one stick and gisof
course, all of them.

Imagine that John Brown asked us to be his advisors
We could even imagine John Brown also addressing us
with words: | know that you are bright and smarutB
do not know whether you are as bright as to giveame
effective advise without knowing how many of my 100
sticks are exactly 1 metre and how many of them are
exactly 3 metres long?

So he would like to be advised effectively
independently of how many sticks of each length he
happens to have.

In that case it is not so difficult to fulfil thablvisor’s
duty in an honourable way. Our advice could be
formulated in the form of some instruction with gho
commentaries and be expressed in the following form

1. Sort all sticks in 2 heaps according to their
length.

You will immediately find 2 sticks in some of these
heaps.

2. Chose some 2 sticks of equal length to be the
opposite sides of rectangle.

Don't care that these sides of your rectangle might
appear rather short.

3. Order all remaining sticks independently of
their length into one straight line.

Your task is entering already the final phase.

4. Find the middle of that straight line you've jug
got.

Look whether this middle is exactly between some
neighbouring sticks or not. That will prove to flesome
importance in the next future.
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5. Divide the line you got into 2 parts of equal
length breaking, if necessary, some stick to whicthe
middle point might happen to belong.

We are resolutely finishing.

6. Make these two equal parts you've got be
another pair of the opposite sides of your rectangl

Please note that you are done using all your sticks
and breaking no more than one stick, and that all
boundary is being marked completely.

And now we would like to ask the reader to write
down the instruction for your friend, which is ihet
similar situation possessing 100 sticks of unkndouh
integer lengths measured in metres. It is also it
the total length of all sticks in common doesnite=d 5
km or 5000 metres. The task is identical — usirigotl
them, mark completely the boundary of some recfangu
parcel, still possessing the right to break the only stitk
necessary.

After these settings of boundaries we feel us réady
fulfill some more complicated task formulated as
Problem 2Zin [6], p. 13):

How, possessing 8 and 9 centimetres long sticks
only with total length being 18 metres, to make the
whole world including ourselves to believe that itis
possible now without breaking any of these sticksot
mark out completely the boundary of the regular
octagon, assuming that the sticks of both lenghtse
indeed present?

What's now? How to start? Is it worth doing? These
are so to say eternal questions, which we raisevepy
day.
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Our answer is the resolute YES! Try and gain some
experience. Otherwise you will complain yourself by
saying: “Oh, dear! | was also able to realize ithyv
didn’t I?”

The construction of the regular octagon demands the
construction of a polygon with eight equal sidess
always possible without breaking of any stietk@ didn’t
forget and are still aware that our sticks areegihor 9
centimetres long and sticks of both lengths arege

Firstly we could assume that the construction is
possible to compute the length of the side of dlaéigon.
Eight sides with the total length 18 metres or 1800
centimetres means that the length of the side is

1800 : 8 = 225 (cm).

Now we will write some standard equality. Denoting
the number of sticks that are 8 cm long X¥yand the
number of these of 9 cm - by we would have that the
total length of all sticks which are 8 cm long X 8nd
the total length of all sticks that are 9 cm losg9y,
giving the obvious equation expressing their teeagth
being 18 m, or in centimetres:

8X +9Y =1800.

What else does this equality express? This equality
expresses several simple but in our case highljuluse
things. For example, from that equation we can leaiec
that X is divisible by 9. This is indeed the case because
1800 and ¥ are clearly divisible by 9. But then

8X =1800 - & =9(200 -Y')
is also divisible by 9. But if 8 is divisible by 9 soX
must also be divisible by 9. In the similar waypeating
almost word by word folY what we’ve just said fokK,
we would get tha is divisible by 8.
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Now we can collect all 9 cm sticks into small buesdl
with 8 sticks in each. All bundles will be completeo
one stick of 9 cm length will lay aside. Similadijl 8 cm
long sticks may be collected into bundles withikstin
each. Again no stick of 8 cm length will be left.

These are the profits or fruits of the divisibitgwe
just discussed.

How many bundles do we get by that? It is easy to
state because in any bundle the total length dksin it
Is the same:

8-9=9-8=72.

Further on we can find also that the total number o

these bundles is
1800 : 72 =900 : 36 =150 : 6 = 25 (bundles).

Now we make one swift or almost unnoticeable
move — namely we take one bundle with 8 sticks edich
which is 9 cm long, and distribute these 8 sticksvMeen
8 sides of the octagon we are constructing.

Now for each side of 225 cm length we have
attributed already 9 cm, so in each of these 8ssidere
are 225 -9 =216 cm of “free” length. And thare
still 25 —1 = 24 bundles that we still didn’utdh, with
total length of sticks 72 cm in each bundle. So
distributing the remaining 24 bundles into thessid®s,
taking 24 : 8 = 3 bundles to each side, we wsk @ll
remaining “free” length of 216 cm because 72 -2A16.

So we are done because we used all sticks and didn’
break any of them, and marked completely the baynda
of the regular octagon.
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BREAKTHROUGH XVIHI (XLIH).
PLAYING WITH STONES AT THE BOTTOM OF
ACROPOLYS

The origin of the following problem is due to onke o
the most famous persons of Russian non-standard
education of young generation, I. S. Rubanow

At the bottom of the most famous Acropolis in Aghen
Sisyphus is expected to select the smallest pessibl
number of stones of five different weights (he tnigke
also some, not just one stone of the same weighe if
wishes) in order to be able to play with Hephaistios
following game. Remembering that at the bottom of
Acropolis there are enough stones of each possible
weight we might assume that Sisyphus is going tizega
only such stones whose weights are expressedeipers.

That game which Sisyphus is expected to play with
Hephaistos is the following one. Hephaistos, moving
first, may touch any 2 stones from these selected b
Sisyphus. After Hephaistos has touched any 2 stones
Sisyphus must be able to touch another 2 stones Hie
collection so that the common weight of the 2 stone
touched actually by him must be the same as thencom
weight of the 2 stones touched by Hephaistos
immediately before.

Being not able to answer the touching of Hephajstos
Sisyphus loses. And if he loses, he must returhigo
eternal rock which made him sonluckily famous and
his vacation is over.

The gods had condemned Sisyphus for ceaselessly
rolling a rock to the top of a mountain, whence shene
would fall back of its own weight. They had thoughth
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some reason that there is no more dreadful punishme
than futile and hopeless labor.

In order to be able to solve the problem with the
touching game with Hephaistos Sisyphus was given a
vacation. If he will succed, his vacation could be
prolonged. If not, he would immediately return ts h
eternal rock and will go on ceaselessly rolling it.

Sisyphus had learned much when ceaselessly rolling
the rock. The first thing was that any suitable sroent
or any improvement in the serious situation is of
considerable importance and highest value.

He remembered pretty well that first of all he was
condemned or forced to deal with the stonesfive
different weights.

So firstly he regarded the situation when there are
enough stones and all of them are of the same weigh

Sisyphus (together with us) quickly came to
conclusion that in such case of all stones beinghef
same weight the same weight there is possessordlesst
Then the play will be quickly stopped because of
everything is as clear as the day.

If Hephaistos touches some 2 of these 4 selected
stones then Sisyphus touches another 2. We refmatd t
Sisyphus cannot touch the stones actually touched b
Hephaistos and that the common weight of touched
stones in both touchings must coincide.

So the case with the stones of one weight is
exhausted.

Let’'s touch the case with the stones of 2 different
weights.

At least how many stones must select Sisyphus then?
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The collection of 8 stones with 4 stones in each
weight category would certainly do.

Indeed,if Hephaistos touches two storasthe same
weight then Sisyphus touchesother twoof the same
weight Now we are essentially using the circumstance
that there are 4 stones in any of 2 weight categori

And if Hephaistos touches two stones different
weights then Sisyphus touchemother two stonesof
exactly the samaveights as these touched immediately
before by Hephaistos.

By the way, from this consideration we see thahsuc
a collection of 2 - 4 = 8 stones is not only sugint but
also necessary to possess.

Namely, if Hepahaistos touches 2 easiest or 2
heaviest stones of the same weight then the ordgiple
answer for Sisyphus is to touch another 2 stonabaif
weight.

So it is also necessary to have 4 stones of each
weight in the case of 2 different weights.

This consideration convinces us also that in tlee ca
of 5 different weights the collection of 5 - 4 = @@uld
also do. The number 5 in that consideration may be
replaced by any other number, e.g. by number 2007.
Then there would be 2007 weight categories, and
2007 - 4 = 8028 stones would be indeed enough.

Is it now possible to quit the things having less
stones?

Speaking in same art and manner as earlier, we will
try now to justify the following statement:

Sisyphus must take and have 4 stones of easiest
and heaviest weight in any of his successful
collections.
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But there are many cases when he can reduce the
number of taken stones in the intermediate weight
categories. Namely, imagine for the sake of siniglic
and exactnedhat the weights of all stones at the bottom
of Acropolis are integers or multiples of the weigbf
the easiest ston&ll other stones have vanished away.

Then already in the case of 3 different weights we
might be able to spare some stones of intermediate
weight. Namely we see that in the case of 3 differe
weights the collection of stones with weights

1,1,1,1,2,2,3,3,3,3
is successful for Sisyphus.

Indeed if Hephaistos touches a pdir {) of easiest
stones then the only answer of Sisyphus would be
another pairX, 1) of other easiest stones. Similarly it will
be with the pairg, 3 of heaviest stones.

And now if Hephaistos touches the pdlr P of the
stones of intermediate weight then Sisyphus cawemns
with pair @3, 1) so sparing 2 stones of that intermediate
weight 2 and vice versa(3, 1 )would be answered by
(2, 2.

It seems further that there are no more esserstsE
to be considered.

So it seems that we are convinced that the cadlecti

1,1,1,1,2,2,3,3,3,3
is indeed the minimal collection for the case difgerent
successive weights 1, 2 and 3 and, what is slightye
general, that any minimal collection for 3 diffeten
weights must contain at least 10 stones.

Exactly in a similar way it can be proved that

In the case of 5 different weights the collection

1,1,1,1,2,2,3,4,4,5,5,5,5
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is sufficient and that in the case of 5 differeeights 13
stones is the minimal number to possess.
We kindly invite the reader to verify it. We guess
that for this verification the equality
2+3=4+1
together with
3+4=5+2
would be employed as well.

BREAKTHROUGH XIX (XLIH).
CONCERNING HIGH VALUE OF SIMPLE
PROBLEMS OR A BRAVE BOY FROM GRADE 5
WILL DO EVERYTHING

In the Czechoslovakian Olympiad A.D. 1960/61 the
following problem was proposed.

The sequence of numbers

1,2,2,3,3,3,4,4,4,45555,5...
IS given.

What is the 1000number in that sequence?

In order to set up access to all adventure orHer t
better involving to the process of solution we'tl fast
ask something what lays on hand:

What will be the 1d®number in that sequence?

And only then something what is slightly more
difficult, or:

What will be the 2007 number (of course!) in that
sequence?

Looking at the given sequence we see that “numbers
of that sequence are increasing and repeating itsaie
and more times”.

111



So there was only one 1, but already two 2’s, furth
three 3’s, four 4’s, five 5’s and so on. In thaaqe# where
2007 will appear at first, afterwards it will bdltwed by
other two thousand and six 2007’s.

So looking for the 100number of that sequence

1,2,2,3,3,3,4,4,4,45,55,5,5...
it is enough to take a sum
1+2+3+4+5+6+7+..+...
and to “establish” with whicm this sum firstly exceeds
100. Thisn with which this sum firstly exceeds 100 will
be also exactly the 180 number of the initial
Czechoslovakian sequence.
Taking the partial sums of the sequence
1+2+3+4+5+6+7+...
we’ll get the well known “triangle” numbers
1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 95,10

Because the first summand that brings that sequence
beyond 100 is the f4summand, it follows that the 160
summand of the initial sequence is 14. It mightals®
noticed that the 92 , 939 ..., 108" summands of the
initial sequence are also 14.

And what are we going to undertake concerning the
1000" number of that sequence? Are we again going to
count everything by hand?

No, we are not.

We gained some experience and we see that
everything we need is to find such anthat the sum of
all integers from 1 tilln—-1 is the “last” sum of
consecutive integers which is still less than 1@00,

1+2+3+4+5+6+....m(- 1) < 1000.
That means that for the sum of all consecutivegete
from 1 till n
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1+2+3+4+5+6+....8> 1000.

In other words the latter sum is the “first” sum of
consecutive integers starting from 1 up nowhich
exceeds 1000.

Doubling these sums we could write down both these
conditions in the somewhat more convenient compact
form as

20+2+3+4+5+6+...n1)=
=(1+(n-1)) + (2+(-2)) +...+ (f—1)+1)=(n-1) < 2000
together with
21l+2+3+4+5+6+....n1)+n) =
@+nN+R2+h-21)+..+0+1)=n(n+1)>2000

Concerning the order of magnitude of these two
expressions on(n — 1) =n? —n and n(n +1) =n? +n it
could be told that they both are “not very far fro@i
(when being compared with?, of course) and lying on
different sides of?.

We are looking then for such arthatn? be possibly
near to 2000.

In our case the nearest square to 2000 is 202%,= 45
because we could easily check that

44 - 45 = 45 (45 — 1) = 452 - 45 = 2025 — 45 = 1980
and

45 - 46 =45 (45 + 1) =452 + 45 = 2025 + 45 = 2070
so the wanted n appears to be 45.

Repeating almost word by word these considerations
and changing only the numbers (preferably with a
calculator in hand), we could also easily find wiaat
number of initial sequence

1,2,2,3,3,3,4,4,4,45,55,5,5...
resides in the 2087place and which one in the 2008r
even in the 2009 place. No essential difficulties are to
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be seen also for determining the 1 000 ™@® even
1 000 000 00Bor any other member of that sequence.

BREAKTHROUGH XX (XLIV).
FUNNY MATHEMATICS

All of us at least 10 times in the life have hetrd
aria from the opera of Giaccomo Puccini “Figaror¢ghe
Figaro here”. It's about the barber who was able to
arrange many matters and in the same time was é&ager
undertake practically everything you could evergma.
Using modern terminology we would say that he was
remarkably flexible and was eager to answer every
challenge. Great was his motivation for any action.

There is also a lot of hidden flexibility everywhken
mathemtics or even in the simplest arithmetics.rgve
variable, independently how is it denoted, is tirst f
good example and source for this. Everything isove,
is changing and looking for optimal place or greate
possible value. Similarly it is also in our everydde
and everywhere under the sun.

First atomar example of flexibility is probably doy
taking any two subjects A and B and afterwards ghman
their places so getting (B, A) from (A, B). Changjitheir
places we’ll get rather similar but not the sanaitg (B,

A).

Needless to explain that Mr President and Mr Prime
Minister is not quite the same as Mr Prime Minisied
Mr President.

These who could have some doubts may compare
U.S.A. and United Kingdom together with Germany.
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No doubt that these pairs are build from the same
elements A and B, but their places in these paies a
different. For example it might happen that writi(Ay,

B) we might mean that A as written first is almasbre
important than B written in second place, or vieesa.

It might also happen that A and B are some
statements and we might assume and define thahgvrit
(A, B) we have in mind that A implies B or “from A
follows B”. Then of course (A, B) might be diffeten
from (B, A) because if A implies B then not necedga
B implies A. If it were so then we would have much
more equivalent conditions as we actually have.

Let us regard some statement A of poetical nature
“The sun appeared in the sky” and another statenint
also from an everyday life context “It isn’t dark the
kitchen”. Then it is clear that A doesn’t imply Bhat has
a simple human sense. A implies B would meanftkia i
sun appeared in the sky then necessarily it isdaok in
the kitchen.

But that's not necessarily so. The kitchen canvame
without windows or it might also be that there amme
but they remain either always or sometimes clogeul
we could have a situation with the sun high indkg and
with the darkness in the room with closely shutted
windows.

This ought to be rather natural example that A
implies B isn’t right in all cases.

If we would take another sometimes more realistic
statements with more usual circumstances thenghmi
be that the statement A implies the statement B.

For example, if the statement A is:

“The sun appeared in the cloudless sky”
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and the statement B sounds

“Itisn’t dark in the room with opened windows”
then the fulfillment of A implies also the fulfiént of B
but not vice versa because it might be that it is a
midnight — so that the condition for A is not filgfil — but
in that room with still opened windows we switcloed
the electricity — so that B is fulfilled.

But B being fulfiled and A being not demonstrates
that B does not imply A.

At the end we would cite an old joke about the Sun
and the Moon where the question is: which of them i
more important?

The answer is: the Moon is more important because
the Moon is shining during the night when therengs
Sun in the sky, while during the daytime it's aliga
bright simply so.

BREAKTHROUGH XXI (XLV).
MACAVITY THE MYSTERY CAT OR CONTINUING
FUNNY MATHEMATICS

Macavity’s a ginger cat, he’s very tall and thin:
You would know him if you saw him...

(T. S. Eliot)

There is a very famous Latin expression which state
that we all are changing with the time which inihat
sounds so impressive that for any person skilled in
English practically no translation is needed —

Tempora mutandur et nos mutamur in illis.
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The following funny history will try to demonstrate
that not only human beings are changing with theeti
but the famous Macavity also.

As a proof of these changes we will tell how did he
propose a contract to the suitable department ofi&d
Yard. This was intended to be a contract where the
dignity of both sides was carefully discussed anidy f
guaranteed. The sum of contract and other integgsti
circumstances were being held in great secret -
nevertheless some information as usual became kimwn
the public opinion and some comments were disteitbut
Still it wasn't a scandal but rather some kind of
disappointing news.

The famous journalist Mr. Stanley cleared that the
main sum of contract was due to and based on
Macavity’'s guarantee to inform about the rain o d
before it would start.

Speaking more exactly Macavity took up the
following obligation: he promised to communicateoab
the rain falling in the yard of Scotland Yard byesering
a day before.

Many people claimed that even Macavity cannot give
the necessary guarantees by sneezing a day befeile i
be raining in the yard of that famous Scotland Yard

Mr. Stanley himself initiated that discussion b hi
famous statement saying: imagine Macavity has just
sneezed. Does it follow that tomorrow it will beethain
in Scotland Yard? His answer was:

No, it doesn’t. Macavity could have sneezed because
he catched cold and not because of rain.

Another circumstance demonstrating that the wicked
cat could simply fulfill the contract by sneezingeey
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day — and the famous condition of contract conogrni
the guaranteed information about the coming raisuich
a case would be never violated.

We would like to finish this chapter not with an
instruction for the possible reader of the kinagegse take
some care when examining and verifying what implies
what, but rather with the following optimisticahés:

“If all the world were apple pie,
And all the sea were ink,

And all the trees were bread and cheese
What should we have to drink?”

At that place we would like to say that all thedim
long in these two chapters we were speaking abwoait t
matters similar to that one. Imagine that the faliog
holds: if I'm able to translate that sentence cathg, |
would be happy. That's nice. Imagine and beliea th
I’'m happy now. Unfortunately for me as a translator
doesn’t mean that this is because | have translated
correctly this sentence. It is possible that I'mppg
exceptionally from the reason that | have an e\gtirag
hope to translate some sentence correctly in thedu

We promised to the reader to conclude that Chapter
with citing of some poetical lines with a clear
mathematical or human (we know you know that in
successful case this is the same) idea. We've fdbed
lines that express the reality tH&tcan be contained iA
but the converse is not right - that &, might not be
containedin B - even showing who is responsible for
that.

With these lines or the following epigram we are
indeed completing the given breakthrough:
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Sir, I admit your general rule,
That every poet is a fool:

But you yourself may serve it
That every fool is not a poet.

It's a pity of course for many of us that we ardhi
authors of these lines. These classical lines lgekon
Matthew Prior (1664-1721), an English diplomat and
poet. He was a master of what Addison called “theye
way of writing”, that is, the light epigrammatic rge.
Reading these lines we understand better what timese
could mean.

Not in vain the ancient people repeated

Qui bene cantat, bis orat
what corresponds to

To sing nice is to pray twice

Double done is best done.

BREAKTHROUGH XXII (XLVI).
IS THERE INDEED A LIFE ON MARS OR ABOUT
JURPRUSES IN STATUTICS AND BOOKKEEPING
INDWTRY

If anybody were going to say to you that there is a
life on the planet of Mars you would indeed beeaist a
bit astonished. This theme possesses a long histbat
history in a lucky way is a history without the tioisy.

In these long lasting days in the former Sovietddni
all shifts of population knew the nice song withe th
words “as it is stated by space shipmen and dagraees
that on Mars the apple-trees will blossom”.

So it is quite clear what was just stated. Heathad
there is a life on Mars what could you spyo and
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contra? Of course you could say many many things. For
example you could ask, why especially Mars?

Why not Mercury?

Let us give the full freedom to our fantasy.

It occurred that there is a life on Mars and on
Mercury. Moreover it became known that all these
inhabitants on both planets — ladies and gentlemen
equal way — have a honourable duty to learn alf ttie
along. Their knowledge is measured by numbers ftom
till 10 similar as in so many countries on our Bart

Still studying their Science Report A.D. 2007 some
strange things occurred. Because fax reports fioeset
planets are still very expensive they send onlgwarage
estimation of each of their inhabitants.

So investigating these materials we came across to
some facts that by opinion of experts are highly
contradictory.

Below we cite them all.

1. The average estimatiowhich since then will be
called average mark of all Mercury’s ladies is higher
than the average mark of all Martian ladies.

2. The average markf all Mercury’s gentlemen is
higher than the average mark of all Martian gentbem

3. The total average mark of all Mercury’s
inhabitantsis not higher than the average mark of all
Martians — but itis less It is so paradoxical that we will
repeat this once again.

The totalaverage markof all Mercury’s inhabitants
is lessthan the average mark of all Mars’s inhabitants.

Honourable reader! Are you able to believe in it?
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1. Are you able to believe that it might happert tha
Mercury's ladies are learningetter than the ladies on
Mars?

Very probably you are. Once we are better (usual
state of wellness), once our neighbours are.

2. Are you able to believe that it might happert tha
the Mercury’'s gentlemen have alsbetter science
achievements then their colleagues on Mars?

Very probably you still are.

3. Can you imagine and are you able to believeithat
might happen that under conditions 1 and 2 the &hol
Mercury’'s human population hagorse average science
mark than the whole human population on Mars?

No, hopefully you are not able to believe in it.wvo
would say that this is incredible; you would sagttthis
is unbelievable. You would say that this is unphipa
and that this can never take place.

You are essentially right. In most cases if ouidad
are better and if our gentlemen are better thenalive
together are also better.

Yes, in most cases it is so.

But “in most cases” doesn’t mean “in every case”.

Here you'll see an example.

If I crossed the sea successfully 1000 times ib's s
nice. If 1 crossed successfully the sea 1000 tithes
highly probably | will do it with the same succedso in
the 100%' crossing. Highly probably doesn’t mean surely.
Highly probably doesn’'t give me full guarantee. The
100T" crossing might be my last crossing which ever
takes place.

Our example as you will see is not at all compédat
and involves only six persons from both planetse€lof
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them are representatives of Mercury and three efth
are from Mars. For the sake of complicity we lisém

all: the only Mercurian Lady and Gentlemen 1 and 2
(shortly MeL, MeG1 and MeG2) and Martian Ladies 1
and 2 and the only Gentleman (or shortly MaLl1, MalL2
and MaG).

It happened that their average marks are the
following: Mercurian Lady — 10, Mercurian Gentlemén
and 2 — mark 6 for both, Martian Ladies 1 and 2arkn®
for both and Martian Gentleman — mark 5.

So now we all, the inhabitants of the Earth, are
eagerly studying the table of their achievements:

Table for MERCURY

CODE | Mark Ladies Gents' Total average
average average

MeL | 10 10

MeGl| 6 (6+6)/2 =6|(10+6+6)/3=7.33

MeG2| 6

together with the corresponding
Table for MARS

Code | Mark Ladies' Gents' Total average
average average
MaLl| 9 | (9+9)/2=9
MalL2| 9 (9+9+5)/3=7.67
MaG | 5 5

This is of course paradoxical from the one sidd, bu
on the other hand regarding all these data again we
understand that although the average mark of both
Martian ladies is 9 and so is less than the avemsayk of
the only Mercurian lady which is 10, still both Marian
ladies together gathered 9 - 2 = 18 points andgshat

18-10=8
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points more than the only Martian lady did. Thekes 8
points will soon play the main role in the dramatth
average mark of all Marsians is higher that theraye
mark of all Mercurians. Let's continue our obseivas.
Both Mercurian gentlemen with average mark 6,

which is greater than the average of the only Marti
gentleman which is 5, gathered only 6 - 2 = 12raye
mark points, and that is only

12-5=7
points more than the only Martian gentleman did.
Difference

8-7=1
which now is in favour of the Martians demonstraded
proves also that the Martians as a whole population
proved to be more successful than the whole Meaouri
population.

BREAKTHROUGH XXII1 (XLVII).
LOVES, DOESN'T LOVE OR PREFERENCES AND
THEIR MODELS

We are hundred percent sure that every notable life
phenomenon possesses its mathematical analogue.

The first and very deep arithmetical model for the
situation “loves, doesn’'t love” is due to the
correspondence when “loves” corresponds to 1, ‘idoes
love” corresponds to 0 and so we have a humanttink
the whole even-odd models. This is so when we are
dividing the whole set, which we are to considetpi
two parts afterwards selecting one of them. Doimg We
are very often able to achieve a remarkable pregreat
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least get some impulse for our deeds. The fruits we
enjoy practically every day.

Consider some adopted problem when three brothers
Andrew, John and Justus with a clear social(ist)
orientation were being involved in some unusual
privatization process.

We will now report all this with necessary details.

A 7 x 7 square table with 49 entries is given. In each
entry we have a different integer from 1 till 4wWNwe
see the oldest brother John sitting in one room and
carefully examining all the numbers in thatx7 table.

His brothers Andrew and Justus are in the othemmcso
that they can hear perfectly what John is sayinghtm
but they are not able to see the numbers.

Now John is providing the idea of privatizationtioé
sums of rows and columns of the given table. We
understand that a square tablex?7 has 7 rows and 7
columns with 7 integers in each row and in eachucol.

So the following process runs. John is taking each
row one by one and every column also one by one
carefully adding up all its numbers in each row and
column, distributing these sums as follows: evemssu
are given to Andrew and odd ones to Justus. They ar
writing down each sum they get. After all thesesrhs
were distributed each of them calculates the sum of
numbers he’'d got. Then they are going to compage th
sums (in fact they are comparing the sum of sufrs).
brother with the greater sum will get a 1000 Euronay
price.

And actually they completed their summings and
calculations, and in an astonishing way it turnad that
these both super sums of Andrew and John appeared t
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be the same. Only now they noticed that such a isase
not mentioned in the awarding instruction.

What to do? Why that case of equal sums wasn't
regarded in the awarding instruction? Is it impdssP
Did any of them do something wrong? It is knowrt tha
John is a master in taking sums. He never fails.

They were regarding the situation and waiting for
their father as the biggest authority of taking fuen in
that family.

Now the father just arrived. They reported him the
situation. They repeated to their father: we haakenh
the 7 x 7 table with 49 entries with all differentegers
from 1 till 49 in each entry. Then John calculatai
sums in each of 7 rows and in each of 7columna Tiee
even sums went to Andrew and the odd ones went to
Justus. Finally Andrew calculated his super sumné a
Justus — his super sum O. It appeared that

E=0

Father, asked they, we do not know what to do? We
are not instructed for such a case.

Father thought for a while and the flame of sadness
appeared in his eyes. He didn’'t say any word bat th
brothers understood that something had happened.

What's happened?

Father who was skilled in pedagogic ordered them to
find out what's wrong. We remind that John makes no
mistakes in taking sums, he never fails doing that.

After some considerations brothers phoned to their
Granddad who was the teacher for Mathematics and
some other even more serious things.

The Granddad almost immediately made the
following observations:
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1. Even sums landed by Andrew mean that also his
super sum E is even as well (adding even numbers to
even ones it is impossible to get an odd number).

2. In that cas& = Oindicates that also the super sum
of Justus is even.

3. The sum of these two equal even super sums as a
sum of any two even numbers

E+0=20=2E
is clearly divisible by 4.

4. In that case the sum of two super suns O is
such a sum where each number of the initial 7 abfet
(containing all the integers from 1 till 49) is cued
exactly twice — once in the row and once in thelgwi.

In other words, this sum of super sums is the dosbm
of all integers from 1 till 49:
2(1+2+3+..+47 +48 + 49).

So if all brothers did everything right then this
double sum must be divisible by 4.

5. Then the “single” sum

1+2+3+..+47+48+49
is divisible by 2 or is even.
6. The sum
1+2+3+..+47+48+49=
=(1+49)+(2+48)+....+ (24 + 26) + 25 =
=50+ 50 +50 +...+ 25 =50 - 24 + 25 =625
IS not even, giving the contradiction to what wasnh
stated in “5”.

It indicates that the situation you've got — so he
spoke to his grandchildren — is completely impdssiSo
at least one of you must be wrong.

And now the Grandma silently entered the room and
was carefully listening to what was being said. &téed
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observations 8, 9, 10 which were formulated bydwen
and sounded as follows:

8. My dear Grandson John doesn’t ever make
mistakes by taking sums. So John can’t be wrong ials
that process.

9. Because John is right but there is a mistakehvhi
was made then it follows that either Andrew or Usish
an astonishing way made an arithmetical mistake.
Nevertheless they both are great because theysinddr
it.

10. They are also noble because they are not going
into details which of them made a mistake. Alorafr
that reason they both are worth at least the tabfet
chocolet.

After such objective but also idyllic and sentinant
end of these reflections it should be added thathaes
discussed and solved the Problem 3 [vide 3] from th
International Team Contest ,Balt/ay* A. D. 2001,
which took place in Hamburg (Germany).

BREAKTHROUGH XXIV (XLVIII).
AFTER YOU'VE STARTED COMPLETE IT ANYWAY

Clearly such an instruction is a proverb in any
language. This is perfectly true and nice but atsame
time it is easier said than done. For example, ganit
find a person, which didn’t know that to be eagewbrk
or to be industrious or diligent is very useful and
honorable. But being at least quite a bit objective
must confess that it happens even with us: we loose
will and some things which we’d undertaken remain,
mildly speaking, uncompleted.
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It might always be otherwise with the reader, our
congratulations for you in any case. But it happens
sometimes, although not to often, with the autifaths
manuscript.

In order to demonstrate that to complete the thiags
the aristocracy in action, we’ll tell you about pkem
which was proposed in some competition for bright
minds in Lithuania A.D. 2005.

Here is its laconical formulation - one sentencly:on

For what N is it possible to divide the set of all
integers from 1 till N into 3 disjoint subsets witthe
same sum of numbers in each subset?

It is clear that having such a wish we must have at
least 3 elements in our initial set so tNat 3.

Further on we repeat the question for the{de®, 3,

4} and ask us whether it is possible to divide ib ithiree
disjoint subsets with the same sum of elementsache
subset. The answer is resolutelgp because if it was
possible then the sum of all 4 numbers

1+2+3+4
which is 10 must be divisible by 3, but clearlysit’t.

Of course that consideration employing the
impossibility of expressing the sum 1 + 2 + 3 +tilthe
form of three equal integer summands correspondseo
level of grade 8 or 9 or the high-school level.

But that problem can be given to constructive girls
and boys already in primary school where the notén
divisibility isn’t repeated every day.

In such a primary school at any constructive level
is possible to do everything simply regarding alsgible
cases of splitting the set

{1,2,3,4
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into three disjoint subsets with at least one eld@me
because otherwise their sums of elements coulda't b
equal.

So we can simply list all possible partititons bét
set {1, 2, 3, 4 into 3 subsets each of which contains
»something“. Because, as stated, each of thesd&ets
contains ,something“ from the initial subset of 4
elements it means that one of these 3 subsetsim®nta
exactly 2 elements and remaining 2 — exactly one
element each. But one subset containing 2 elenfiems
the 4-element set may be taken in 6 different wallg
determining also the partition in question. The disthe
possible partitions will be as follows (the set tzoming 2
elements is written as the first in each figureckeas):

{(1,2), (3), (4), {(1,3), (2), (4), {(1, 4), (2), (3),

{(2,3), (1), (4}, {(2, 4), (1), (3), {(3,4), (1), (2).

We state that in no case the sums of all thre®idisj
subsets of the given partition of the g&t,2, 3, 4 are
equal.

Such practise shows and demonstrates us not only
that we are right in what we've stated, but eveghsly
more, e.g. looking at the list of partitions we Wbalso
answer the following possible question:

In how many ways is it possible to split the 4-
element set into 3 non-empty subsets so that thersu
of elements of some two of these 3 subsets would be
equal?

The answer is 2.

From that list of all possible splittings some athe
related question may be exposed and the answers
promptly presented, e.qg.:
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What is the probability that splitting the 4-
element set into 3 non-empty subsets the sum of
elements of some two of these 3 subsets will be aju

The answer is 1/3, namely, 2 of 6 possible
splittings.

Remark. The partition of the set into three non-gmp
subsets could be seeked for in a mechanical way nat
tension and emotions.

It could also be seeked for in some psychologically
probably more convincing way, namely, when splgtin
the initial set into 3 disjoint subsets the smallmsmber
1 couldn’t be left alone because of equality of sum

So 1 must be accompanied by some other element.

If 1 is accompanied by 2 and other subsets are non-
empty then we would get the partition

{1,2,3,4}={1, 2} u {3} U {4},
which gives us nothing because the sums in sulasets
not all equal.

If 1 is accompanied by 3 and other subsets are non-
empty then we would get another partition

(1,2,3,4) = {1, 3)u {3} v {4},
which is again not suitable because the sums aam ag
not equal.

Finally, if 1 is accompanied by 4 and other subsets
are non-empty then we would get another partition

{1,2,3,4}= {1. 4}u {2} U {3},
which is also not suitable because in no two o&¢h8d
subsets the sums of elements are equal.

After that experience it might also be stated that
set containing 4 different numbers couldn’t be tigdi
into 3 disjoint subsets with equal sums of elements
because then some 2 subsets of that splitting st
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one—element subsets so their sums are not equiaé¢ — t
initial integers were all different!

Further simple related questions could be:

1. Is it so with the set containing any 5 different
integers?

2. Find a set containing 5 integers with the smallest
possible sum of integers admitting the desiredifant

BREAKTHROUGH XXV (XLIX).
CONTINUING SPLITTING THE SETS OF FIRST
INITIAL INTEGERS

We remind to the reader that we failed in our
attempts to split any subset containing 4 integaic 3
disjoint subsets with the same sum of elementsache
subset.

Now we are going over to the sets with more
elements. The next set which we intend to spliv iBt
parts with equal sums of elements is the 5-elersetitl,
2,3,4,5.

In that case we are immediately successful because
of the possible partition

(1,2,3,4,5 = (1,4) (2, 3)u (5)
with clearly equal sums of numbers in all subsets.

This also promptly answers both questions 1 and 2
from the previous chapter.

So our first success is noted in the cad¢ée 5 when
dealing with the sefl, 2, 3, 4, 5.

The following step would be the casbdl = 6 or
splitting the set{1, 2, 3, 4, 5, 6 into 3 disjoint subset
with equal sums. This attempt is successful agagabse
of
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{1,2,3,4,5,6 = {1,600 {2,5 U {3, 4.

The next case with the sgt, 2, 3, 4, 5, 6, 7seems
to be similar to the case with the $&f 2, 3, 4 or seems
to be unsuccessful. The remarkable difference rsoivat
if we will start again considering all possible igpigs
,by hand” then we would face the prosaic possipita
omit exactly that case which happens to be exabty
case for which we’re looking for.

We can spare that troubles and considerable amount
of effort and energy again by noticing that the saimn
numbers in the set

{1,2,3,4,5,6,%7
or the sum
1+2+3+4+5+6+7=28
is not divisible by 3 so thavery attempt to split the set
{1, 2, 3, 4, 5, 6, ¥into 3 disjoint subsets with equal
sums of elements will always fail.

Comparing the next s€tl, 2, 3, 4, 5, 6, 7, 8Bwith
the first successful casél, 2, 3, 4, 5 we see that these
sets differ by 3 numbers 6, 7 and 8 with the sum of
.New" elements 6 + 7 + 8 = 24 clearly divisiblg B.
The average of these 3 newcomers is

6+7+8):3=7.

So we begin to feel that it would be possible to

modify for it the ,old” splitting
{1,2,3,4,%5={1,4 u{2 3 u{5}.

Everything we need for success in that modifying of
the ,old" splitting into a ,new" one is to achievan
increase of 7 in each subset of splitting.

That is possible to achieve acting as follows:

132



1. Extract 1 from the subset where it was contained
and replace it by 8 (total increase of sum in thaiset
will be exactly 8 — 1 = 7 as planned).

2. Include 7 into the next subset of that splittjtajal
increase is also 7 as required).

3. Add 6 and the ,free agent® 1 to the last set of
splitting (total increase again would be 6 + 1 ¥
planned and required).

So from the ,0ld" splitting

{1,2,3,4,5={1,4 v {2, 3 U5}
we’ve got a ,new" splitting
{1,2,3,4,5,6,7,18={4,8 U {23, 71uU{l,5,8.

But exactly in the same way we could also proceed

having initially the splitting of the sét, 2, 3, 4, 5, 6
{1,2,3,4,5,6={1,6} U{2,5 U{3 4

and wishing to enlarge it by next three element8,Q
extending that ,old“ partition into the ,new* oned@ of
course, not losing the equality of sums in all stbs
Repeating everything word by word or again takingui
of first set of partition and replacing it by 9ethadding
8 to the second subset and finally adding 7 and the
actually ,free agent” 1 to the third set of ourigplg we
would get the partition of the extended §&t 2, 3, 4, 5,
6, 7, 8, 9 in the form

{1,2,3,4,5,6,7,8}%{6,9 U {2,588 U{l,3,4,7.

But the most impressive thing what was just
achieved is the following one: having any partition
splitting of the se{1, 2, ...,N} into three disjoint subsets
P1, P2 and P3 (Pl contains 1) with equal sums of
elements and using the same extension proceduighwhi
was applied already twice wean easily extend any
splitting of the given set to the set which is sydd by
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three successive elements N1+ N + 2, N + 3,
describing explicitely the partition of extended 44, 2,
..N,N+1 N +2, N+ 3} into three subsets with the
same sum of elements in each subset again andgyetti
(1,2, ...,N,N+1, N+2,N+3} =
= ((PL/{1}) U{N+3}) U (P2)U{N+ 2}) LU
U (P3)uU{1,N+ 1}).

Repeating this we have the possibility to get
infinitely many other extended partitions from thieen
partition getting something what might be callech “a
approach to infinity” or “unbounded growth” whatnst
always easy and not always possible to realize.

Summarizing we state:

1. If Nis 1, 2,3, 4 then the splitting of the gkt 2,
..., NZinto three disjoint subsets is obviously impossibl

2. If N = 5, then the splitting into three sets hwit
equal sums is possible — as it was announced iut it
written — namely

{1,2,3,4,3=/1,4 U {2,3} U {5,

The procedure of extension adjoining three suceesiv
.next’ integers which we’'d described and applied
several times demonstrates the possibility to ddsib in
the cases N =8, 11, 14, ..., 3M + 2... .

3. If N = 6, then the splitting is again possible:

{1,2,3,4,5,6={1,6} v {2,5 {3, 4.

The same procedure of extension provides the
possibility to do it for N=19, 12, 15, ..., 3M,....

4. 1f N = 7, then this is as stated impossible hbsea
the sum of all elements or

1+2+3+4+5+6+7=28
isn't divisible by 3. But the sum of elements remai
indivisible by 3 after any extension of it by adpeny 3
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successive integers because, extending any set by 3

successive integers, the sum of these ,newcomers”
N+1,N+2,N+3

is 3N +6 =3 (N+2) and is divisible by 3.

But then the sum of all elements of the extended se
isn’t divisible by 3 as well. So we repeat agaiattthe
partition of any set with the sum of elements rasitle
by 3 into 3 disjoint subsets with equal sums ahelas is
impossible.

By the way the splitting would be also impossible i
we wished to adjoin any number of elements witlstime
of elements divisible by 3.

So in the case N = 7 and consequently also inhall t
cases 10, 13, 16, ... , 3M + 1,... such splittingtisn
possible.

We conclude the Chapter with the final remark
consisting of two parts (A) and (B) the importanceof
which for the logical life seems to be immense:

(A) If the sum of elements of any set S of integers
isn’t divisible by 3 (or by any other number K as vell)
then it's not possible to splitt the set S into 3idjoint
subsets (into K disjoint subsets) with the same suwf
elements in each subset.

(B) If the sum of elements of any set S of integers
is divisible by 3 (or by any other number K as we)l
then this in no way implies or guarantees the
possibility to split the given set S into 3 disjoin
subsets (into K disjoint subsets) with the same suwf
elements in each subset.

An example for such impossibility could be, for
instance, the set S consisting of 6 elements

S={1,11,111,1111,11 111,111 311
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with the sum of elements

1+11+111+1111+211111+111111 =123 456
being divisible by 3.

If you are brave enough not to give up the hopé tha
it is possible to divide that set with only 6 elertsinto
three subsets with the same sum of elements intbach
think where the greatest number

111 111
would be located.

BREAKTHROUGH XXVI (L).
ANOTHER NICE PROBLEM WITH EQUAL SUMS

“You boll it in sawdust: you salt it in glue:
You condense it with locust and tape:
Still keeping one principal object in view —
To preserve its symmetrical shape.”

To divide something into parts preserving some sort
of equal rights of these newly divided parts (w@idt
got) might be neither easy nor simple. Even in éhes
somewhat simplest cases when we are arrangingf® fr
1” some tensions and complications might be metah
step.

Still in most cases alone from the psychological
(human) point of view the ability to split or peadéy
divide something into parts preserving equalityaofy
kind and nature brings some satisfaction.

The following example should illustrate similar
wishes and hopes. We will formulate it as a quastio
order that we all would be able to look for the sibke
right solution as an answer to that exposed gques8o
we are raising bravely the following
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Question. Is it indeed possible to divide the seff o
all integers from 1 till 105 into 15 subsets with 7
numbers in each subset in the way that the sum ofla
numbers in every subset is the same for each subget

We will start again arranging some small things or
making almost unnoticeable steps. Doing something o
the kind it is of great importance to believe thiats
possible to achieve what you are going to. Becdosgg
something what is not completely trivial you wikde
some difficulties, and difficulties and doubts usuaun
in pairs.

These difficulties are connected mainly with the
essence of the given problem — one could say that

Difficulties are living mainly in the problem itself,
while doubts — mainly in our heads.

So really believing that such a partition of thé cle
first successive 105 integers

{1, 2, 3,...,103, 104, 105

into 15 parts containing 7 elements with the eguah of
numbers in each is possible we’ll proceed compuitireg
sum of elements in each subset “splitting 1 int6.15

105 summands, the mid summand being 53. So
1+2+3+..+103+104+105=
((L+105) + (2 +104) + (3+103) +...+ (52 + 54%3)=
= (106 + 106 + 106 +...+ 106 + 53) = 106 - 52 + 53 =
=53-2-52+53=53(52-2+1)=53- 105 5556
Then the sum of numbers of these subsets with 7
numbers in each must be
5565 : 15 = 371.
Now when we are more conscious what we intend to
achievewe are doing our first mild shift: we move our
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whole set of 105 first successive integers (witle th
number 53 as the mid number) to the left by 53susit
that the mid number 53 after shifting becomes 0 thed
shifted set itself is now

{-52, -51, -50,...,-1,0, 1,..., 50, 51, 52

What is better now? What do we achieve this
way?

We achieve that our set is symmetrical with respect
to zero now. That is, our set now possesses theopie
symmetry meaning that if any number X is in ourtsen
the opposite number (-x) is also an element ofsetir

Each of us has rather strong feeling of symmetiy an
remarkable experience of dealing with it under gas
circumstances.

It could be noticed that the initial set S was also
symmetrical with respect to 53, that is, if anynedat x of
it, say 77, is contained in our set and lying (asour
case) on the right side from the mid number 53, tihe
number lying on the other side of 53 within the sam
distance from the number 53 as x must be also owda
in S.

In our example the distance of 77 from 53 is
77-53=24 and the number on the other side with
distance 24 from the mid number 53 is, of course,
53 - 24 =29.

(The technical guarantee that we performed well and
our calculations are correct is the equality
(77 + 29)/2 = 53.)

So now we've reduced our problem to the following
one:

Is it possible to split the set of 105 succesive
integers
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{-52,-51, -50, ...,-1,0,1, ..., 50, 51}52
into 15 subsets with 7 elements in each subset and
with the sum of integers 0 in each of them?

The following also very useful move might be the
following one: we are eager to find 15 subsets witly
3 integers in each subset and with a sum of alt&yers
in each being also 0.

In our epigraph it stoodStill keeping one principal
object in view/to preserve its symmetrical shape.

In our case it means that the set of all 15 - =4
involved numbers is supposed to be symmetrical with
respect to O.

(That move will be last but one as the reader it
see.)

In that intermediate construction 15 - 3 = 45
integers from these 105 new integers we've got hall
employed and the set of these newly taken 45 nwnber
will be also expected to be symmetrical.

The construction we’ll provide now will be very
prosaic: we’ll simply list all these 15 subsetsteaabset
containing 3 integers as promised:

{-1,0, 1, {4,5,-9,{-4,-5,9, {7, 8, -1, {-7, -8, 15,
{10, 11, -23, {-10, -11, 23, {13, 14, -27,
{-13, -14, 27, {16, 17, -33, {-16, -17, 33,
{19, 20, -39, {-19, -20, 39, {22, 23, -45,
{-22, -23, 45.

It might be seen directly that the listed set cmsta
45 integers and is indeed symmetrical with resped.
Consequently, the remaining set of not yet takéegers
containing remaining 105 — 45 = 60 of them ials
symmetrical with respect to 0 as any differencevad
symmetrical sets.

139



Moreover, any set which is symmetrical with respect
to 0 and doesn’t contain O can be splitted intgodis
subsets each subset being of the forxn ;.

And now the final step of the construction of 1¥sse
with 7 elements in each and with sum 0 in each. We
simply take any two sets of the forfrx, X} and include
them into each of these 15 subsets already lisiedea

Now shifting the set back to the right by 53 unis
get the partition of the initial set of first 10&%tegers with
7 elements in each subset and with the same sum of
numbers in each subset (being 371 = 53 - 7 wamst
already indicated).

We ask the reader now to compare it with the
problem from International Mathematical Olympiad in
Braunschweig, Germany, 1989, or confront what we’'ve
done with the problem from World Cup of High-school
students in Mathematics.

Prove that the set {1, 2, ..., 1989} can be exmess
as the disjoint union of subsets(A= 1, 2, ..., 117) such
that

(A) each Acontains 17 elements;

(B) the sum of all the elements in eaglsAhe same.

BREAKTHROUGH XXVII (LI).
DOMINO STONES IS ALSO A NICE GAME TO
PLAY

But the Barrister, weary of proving in vain
That the Beaver's lace making was wrong,
Fell asleep and in dreams saw the creature quaep
That his fancy had dwelt on so long.
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In the nineties in the USA there existed a challeyng
guarterly for mathematics “Consortium” whose name i
clearly of Greek-Latin (probably more Greek thartiha
origin.

In “Consortium” we’ve found a problem which is
equally simple, challenging and accessible. Its
accessibility could be compared with that of Sudoku

For the sake of completeness let's remind the reade
what a wonder Domino stones are. In the quasi-
mathematical terms it could be told that the donstome
is a rectangular of size & 2 “made” from 2 “unit”
squares with some number between 0 and 6 inscripted
each of these unit squares. Otherwise or speakimg m
scolarly language the given domino stone or piexddc
be identified with some unordered pair of numbers
(K, L), whereK and L independently can take any of
possible values 0, 1, 2, 3, 4, 5 or 6. Unorderei, pa
speaking understandably, means that we make no
difference between pair&{(L) and (, K).

After that remark we might simply list all possible
domino stones as such (unordered) pairs in theviailg
form one by one preserving some understandable:orde

(0; 0), (0; 1), (0; 2), (0; 3), (0; 4), (0; 5), @),
(1; 1), (3;2), (1; 3), (1; 4), (1; 5), (1; 6),
(2;2), (2;3), (2, 4), (2; 5), (2, 6),
(3:3), (3:4), (3:5), (3; 6),
(4;4), (4, 5), (4, 6),
(5:5), (5; 6),
(6; 6).

As we see there are exactly 28 domino stones.

It could and ought to be noticed that in all these
stones each number from O till 6 appears 8 times in
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exactly 7 stones. It's nothing astonishing in ‘1®és in 7
stones” because one stone is “double” with the same
numbers on both sides of it, and on the remaining 6
stones each number from O till 6 appears exactheon
together with every other of remaining numberanéy

be seen from our list.

Because, as it was counted and listed and notect th
are exactly 28 stones with every stone “made” femme
2 unit squares, for the complete domino set- 28 56
unit squares are needed. By the way, 56 may bageda
in the form of rectangular 8.

For the emotional refreshment this problem, which
is, as noted, taken from Consortium, will be préseéras
a part of scientific dream of some brave soldieowlas
once had been a bright boy and whose name is John
Brown. Some thrilling terminology and some flavaair
nightmares may also be met.

So once John Brown also “fell asleep and in dreams
saw creature quite plain”, that creature beingdésk of
size 7x 8 completely covered with the set of all domino
stones lying on the table which was on the dec&oofie
transatlantic ship. Afterwards John remembered tmgy
notion of storm and the tremendous wave that camee o
the desk. Afterwards John stated with some surprise
after wave went by that desk remained just asdtldeen,
the domino stones also. The only difference wittatieh
been before was that there were no boundaries sedre
between these domino stones. These numbers in domin
stones formed now precisely the table of size&filled
by the numbers 0, 1, 2, 3, 4, 5 and 6, each of theimg
seen in that table 8 times.
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Then in the somewhat strange way the magician
Dumbldor occurred and announced to the brave John
Brown who listened with some astonishment and ever-
growing surprise, that he will cause him no harmd a
also added that he would be able to get rid of rtineate if
he will be able to recover the previous boundaoieall
stones. After saying this Dumbldor disappeared Joith
waked up in such a state as if nothing had happéirie
only thing reminding him that something had takéte
was the clear image of the configuration of theneoin
his head. He had written it down at once in theyver
moment.

It was the following table:

5/5[5[2|1[3[3|4
6442|1152
6/3/3/2/1/6/0]|3
3/0/5/5|0]0|0]|6
3/12]1/6/0]/0]4]2
0[3/6/4]|6|2|6]|5
211/1/4]4]14|1]5

Is it indeed possible to recover the boundaries of
all domino stones of the complete domino set?

BREAKTHROUGH XXVIII (LII).
AGNIS ANDZANS AND HIS CONSORTIUM
PROBLEM

In this Chapter we will present and with the
satisfaction propose for your attention and pleagbe
problem due to well-known Latvian mathematician,
problem composer and specialist for mathematical
challenging and creativity and many other areasif\gn
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Andzans. Professor Andhs had been training the
Latvian mathematical team for many decenniums. He i
also a teacher of many Lithuanian gifted studeats, by
taking part on Lithuanian National High-School
Assembly.

Hereby we present that problem once also published
in Consortium and consisting — as the reader wijby
immediately in the very next future — from two part
which look so similar but in the reality appeark® so
different.

In the entries of the first row of the tablex39 the
consecutive numbers from 1 till 9 are written; imet
entries of the second row the same integers bgbme
other order

a(1), a2), a(3), a4), a5), a6), a7), &A8), a9)
are being presented. Finally in the third row incha
column the difference of the corresponding numbers,
which are written above them in the first and ire th
second row, subtracting the smaller number from the
bigger number, is taken. If these numbers are ethel
their difference is O.

So that any such table looks like

1 2 3 4 5 6 7 8 9
a(l) | a(2) | a@) | a(4) | a(5) | a6) | a(7) | a8) | a(9)
|1-a(1)[|2-a(2)]3-a(3)[14-a(4)[[5-a(5)||6-a(6)[|7-a(7)]18-a(8)[19-a(9)|

For the sake of simplicity let's take the “concrete

table:
1 2 3 4 5 6 7 8 9
4 3 7 9 8 6 2 5 1
3 1 4 5 3 0 5 3 8
We note immediately that numbers in each of the
first and the second row are all different integerst
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must be so according to the given conditions. Ndvenv
the numbers in the first and in the second rowgaren,
the numbers in the third row being the absoluteeslof
their difference in columns are of course also rueiteed.

From the given table we see that although the
numbers in thdirst and in thesecondrow are different
the numbers in thiird row are not all different

Now the reader is probably thinking from which side
or under what formulation the new problem will oczu

The question or the new task for us will be
formulated as follows:

Is it possible to rearrange the numbers 1, 2, 3, 4,
5 6, 7, 8, 9 in the second row in such a way that
corresponding differences in the third row would be
all different?

In other words we are eager to avoid monotonicity i
the third row trying to avoid the situation when get
the same difference in different entries of thedhbw.
We note that if it was possible to enjoy such aadion
with all these differences being different then thiése
differences would be 9 different integers from the
interval [0; 8] or in other words, expressing treme,
they would be exactly all integers 0, 1, 2, 3, 46,57 and
8 in some order.

So we state that we are eager to find some
reordering

a(1), a2), a3), a4), a(5), a6), a7),a(8), a9)
of the numbers
1, 2,3, 4,5,6,7,8 9
such that the absolute values of their correspomdin
differences would be all different or would be the
integers
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0,1 2 3,45,6,7, 8
taken in some order.

In a somehow paradoxical way that is possible and
not very difficult to achieve:

1 2 3 4 5 6 7 8 9
8 7 4 6 5 9 3 2 1
7 5 1 2 0 3 4 6 8
And now when we are in so joyful psychological
state of being and mind (no wonder, we have just
achieved something), the following so similar qigest
follows:

Is it possible to prolong or extend the table that
we just constructed by adding one column or to ddie
same what was just being done in the cad$é =9 also
in “neighbouring case” N = 10:

Write all the consecutive integers 1, 2, 3, 4, 5, 8,

8, 9, 10 in the first row, some rearrangement of #m
in the second row and get all different numbers athe
difference in corresponding columns in the third rav.

It would so nicely correspond to the natural motto:

No repeated integers in any of these three rows

But in a somehow strange and astonishing, yet
even almost mystical way it seems to be either ditilt
or impossible to fulfil — all attempts to construct
similar table lead to nothing, so something what we
have done so easily for 9 consecutive integers
somehow can not be implemented for 10 consecutive
integers.

Seeing such a remarkable difference between these 2
neighbouring cases any German speaking person might
ask —

Wo liegt hier der Hund begraben?—
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Where is our dog dug?

Let’s regard that situation more carefully or let'g
to pay now all our attention for every possibleailet
which might explain that strange situation when the
almost unnoticeable changes of circumstances btough
essential changes or, otherwise, remarkable diftas

Firstly note that the sum of 9 first consecutive
integers

1+2+3+4+5+6+7+8+9=45
is, of course, an odd integer.

If we will “slightly” change the situation by addin
number 10, then the sum remains odd because

1+2+3+4+5+6+7+8+9)+10=45+465.

If we will add then the next consecutive number 11
then the sum would no more odd because

(1+2+3+4+5+6+7+8+9+10)+11=55+11=66
is an even number.

This demonstrates that sometimes small changes are
making the situation different and sometimes not. |
depends. This is psychologically highly astonishing
logically understandable.

Sometimes small changes are “the last straw that
broke camel’'s back” and in other cases they ardn't.
may also be last but one and camel's back remains
unbroken.

Another example similar to these regarded cases is
the “same”difference in arranging the tables in the
“neighboring” casedN =5 and N =6.

In the first case everything is again very easyer
are able to find the required table at once, e.qg.:
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112|345
5(214|1]|3
4/0]1]3]2
and again we state that we are not able to prabkent
similar table in the cadd = 6.

It should be added that in the last case we could
examine all possible cases “by hand” and in th&aini
case N = 10 also easily, using the calculator; but that
would be not so interesting because we want toa@xpl
the situation using some “principal” or “theoretica
considerations and not by “asking at once” the astep

So once again: what circumstances are able to
change our situation so essentially?

BREAKTHROUGH XXIX (LIII).

SOME PSYCHOLOGICAL CONSIDERATIONS
ACCOMPANIED BY OTHER SIMPLE AND NICE
ONES, BUT STILL FOR EVERYONE WHO WISHES
TO THINK ABOUT AN ACCESSIBLE ROMANIAN
PROBLEM

From the psychological or human point of view there
are no other things, which be much worse than the
following conclusion: if I'm not able to do sometig, or
solve the problem in, say, 5 minutes, than thi% isarth
wasting my time and doing it.

At the first glimpse such a behaviour seems to be
logical alone from the reason that it might redappen:
that situation or proposed problem is too hardnia; so
it would be better to lay it aside forever andeatsit for a
while. It that case I'm intuitively saving mysehoin the
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further attempts feeling that I'm not able to realivhat |
was asked to.

This is not an easy feeling. To say or to staten“l’
not able to do this or that”

might be and is rather painful for it touches my
natural pride.

That's why we are always feeling and repeating that
the real activities teach us to be modest. Theayghus to
sometimes rather painful understanding that theee a
things, which you are not able do at once or even in a
week, it happens than even in a month or even durn
several years.

But not in vain is told (John 8, 32)

You will know thetruth and thetruth shall make
you free

Otherwise it also ought to be added that the desspne
of peoples’ mind is different and not the same.lifibs
to achieve or realize something are also differBat. all
these circumstances cannot change that main idga th
everyone is able to learn astonishingly much evbgre
and in each area.

In other words, it is always better to go on
proceeding the efforts in trying to do or to arrang
something instead of complaining how bad the world
already is or our neighbours will be in near future

Not every person may learn to play basketball like
Dirk Nowitzki but everyone is able to bring itstdfthe
condition to be able one day to throw in 10 foudl4@.

That is the case in problem solving too.

Only do not be afraid if it appears necessary tade
the text of the given problem thrice in order todixe to
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answer the question: Am | aware what that problesksa
me to do? Have | some ideas how to perform?

Afterwards if you still stay at that problem, for
instance, when you're not yet able to get rid fribnthen
sometimes it is of great help to do anything in dhen
direction.

If you are still not able to achieve something tinen
would like to advice you to lay it aside for a vehilThen
with new energy and force you are able to returckoa
without losing any time for getting acquainted wikie
problem and details of it.

All that may take and takes a lot of human and
psychological resources.

This isn’'t easy but it strengthens my mind and, will
inspires positive changes in our personality and
character and increases our self-confidence.

These are exactly the qualities that we sometimes
need so desperately in some events of our life.

These are the most precious qualities and advastage
which the exact sciences, beside of concrete kagele
give to everyone who is dealing with them and wo i
involved in them.

You will enjoy similar influence doing every kind o
activities with real content.

You should never start thinking without serious
reasons that something is too difficult for youtlwat you
are not able to carry it through. You shouldn’trtkithat
your efforts give you nothing, lead you nowhere trad
in general all that industry is not worth your etfand
attention.

Again we would like to repeat that dealing with the
problem and reading the formulation you never know
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what kind of problem you've met: standard exercise,
challenging problem or the problem, which mankitil s
isn’t able to solve.

But in every case the attempts to achieve something
always pay back and are always useful: at leastyget
acquainted with the realities or repeating that twhas
being already told before:

You will (now) know (more about) theuth and the
truth shallmake you (nore free (than you've been).

Not in vain we are constantly repeating that Rome
wasn’t built in a day.

Take it easy when you are dealing with the real
problems. Take your time. You will win or at least
you will learn where the truth is.

As a kind of illustration we start regarding that
proposed Romanian problem with a clear conditiod an
more then understandable aim. Spending some efforts
you'll always be able to achieve some progress avem
forward.

This problem was proposed for Grade 7 and is taken
from the Romanian Olympiad A. D. 2003

Again we would highly recommend the book [7].
Our problem is formulated on page 24 and is folld\wg
perfectly simple and efficient solution.

By the way, Romanian Olympiad books about
mathematics and wisdom are especially precious and
valuable also by presenting some concrete, niceimnd
the same time realizable problems especially fesséh
who just start to learn something about some eyguae
and accessible real tasks.

You can at once enjoy the shortness and beauty of
the formulation:
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In how many ways is it possible to split the set of
natural integers in two disjoint parts so that theum of
the numbers in one part is equal to the product tbie
numbers in another part?

So we are supposed to split the set

{1,2,3,4,5,6,7,8,9,10
in two disjoint subset® and M so that adding all the
elements in A and multiplying all the elements irwisl
would get the same result.

First intuitive feeling of heuristic or common sens
naturally whispers to us that if this is possildedb then
the set of the numbers which we are going to adthe
setA, must contain “much more” elements than theMset
of the numbers which we are going to multiply.

It's based on remark that the product of natural
numbers, generally speaking, exceeds their sum &ven
these numbers are as small as they are in ourcash
the exceptions of the type “two times one” or “tiimes
two”.

Starting the solution we observe that the sum lof al
these first 10 consecutive natural integers orsilna of
all possible members of M is

1+2+3+4+5+6+7+8+9+10=55
while already the product of the 5 smallest possibl
members of the set M is
1.2-3-4-5=120.

It follows that the set M (or the set the elemeuits
which we are going to multiply) can contain at mdst
elements.

We will classify all the possible cases with regpec
the number of elements of the gt — the set the
elements of which we are going to multiply.
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Simply and prosaically we list all the possibildie

(o) Set M contains exactly one integer;

(8) Set M contains exactly two integers;

(y) Set M contains exactly three integers;

(o) Set M contains exactly four integers.

We start consequently regarding these cases one by
one.

The case §) or the case when the skt contains
exactly one integer is exhausted at once becaise it
impossible: imagine the skt consisting of one number,
then the product of it (that integer) is at mosar@dl the
sum of all other elements or these?ak at least

55-9 = 46.

The case ) or case when the skt contains exactly
two integers will take more time for consideratiéior M
containing two integers we’'ll provide them the nama
for the smaller ang for the bigger number. Then their
product xy ought to be equal to the sum of the other
integers 55 x—y. Then

55 - X -y=xy
or
Xy+x+y+1=56
which is the same as
(x+ 1)y + 1) =56.

In an abstract situatiom andy being integers we
ought to regard all possibilities of writing dowl as a
product of 2 integers. They are
56 = (-56) - (-1) = (-28) - (-2) = (-14) - (-4)B)- (-7) =

=(-7) - (-8) = (-4) - (-14) = (-2) - (-28) = (-1}-56) =
=1-56=2-28=4-14=7-8=8-7=14-4
=28-2=56"-1.
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In our case x and y being positive integers xanl
y + 1 are greater than 1 so the first 9 casesr{frthe
possible 16) are impossible.

Further on x <y obviously impliesx + 1 <y + 1,
so the last four cases are impossible too.

It remains to regard the following possibilities

x+1)y+1)=56=2-28=4-14=7-8

Now because at andy being digits the first and the
second cases are impossible as well. Then fromi&ll
abstract possibilities to split 56 into product wVo
integer multipliersx + 1 andy + 1 withx andy being
digits only one remains:

Xx+1=7 andy+ 1 =8, giving the only solution

xy)=(6,7).
Sointhecase ) M={6,7} and A={1, 2, 3, 4,5, 8,
9, 10}; indeed
6-7=42=1+2+3+4+5+8+9+10.

In the followingcase {) setM contains already three
numbers. Then again it is natural to arrange thernhe
increasing order before giving them namegandz

X<y<z.
Then the required equality implies
Xyz=55-X-y-z
or
Xyz+X+y+2z=55.

Now we are going patiently to regard the cases
x=1,x=2 and so on till it will be possible. We may
note: if x> 3 then the last equality is impossible because
thenxyzwould be at least 3 - 4 - 5 = 60 indicating that
the last equality doesn't take place. So there ballonly
two casesfyl) x =1 and(y2) x = 2.
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Case(yl):

Plungingx = 1 into the equation we get

yz+y+z="54,

Acting as earlier we get

yz+y+z+1=+1)z+1)=55
and again the only possibility foy, z is to have
y+1=5,z+1=11 givingy=4, z=10
or
M={xvy,z ={1, 4, 10}

(Indeed 1-4-10=40=2+3+5+6+7 +B)}+

Case(y2):

Plungingx = 2 into the equation we get

2yz+y+2z=53.

This allows us after the doubling of equation or
writing

dyz+ 2y + 22= 106
and after adding 1 to both sides to split the esgion
into product writing
dyz+2y+2Z2+1=(3+1) - (Zz+1) =107

Now 107 being clearly prime we don’t get any
solution.

Now there remains the last cased] when M
contains four integers, y, z, tarranged in the usual
increasing order

X<y<z<t.

We have

Xyzt+x+y+z+t=55.

Again only the casex = 1 is possible; otherwise
X> 2,y> 3,z> 4and & 5, soxyzt> 2-3-4-5=120
which shows that the latter equality is impossible.

So x =1 is the only possibility to proceed in the
case §): we get
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yzt+y+z+1t =54,

We'll sort now the subcases with respecytand so

now only
y=2

is possible; otherwise

y>3,z>4 andt>5, giving yzt>3 - 4 - 5> 60
which never takes place in the last equality.

So now plungingy = 2 into the equality we get

2zt+2 +z+t=54 or 2t+z+t=52.
Again after doubling and splitting we get
(2z+1)-(2+1)=105

Remembering that andt are digits ana <t we see
that the only possibility for 2+ 1 and 2+ 1 is the
following one:

2z+1=7 and 2+ 1 =15

leading to z = 3 and t = 7 and giving
xv,zt)=(,2,3,7). This is indeed a good solution
because in this case

M={1,2, 3,7} andA={4,5,6, 8,9, 10} and

1.2-3-7=42=4+5+6+8+9+10.

The answer: We have the following splittings of the
set of first 10 natural integers into 2 disjointbsets with
the product of integers in one set being equahtodum
of remaining integers in another set:
{1,2,3,4,5,6,7,8,9,10} = {6, B{1, 2, 3, 4,5, 8, 9, 10}
{1,2,3,4,5,6,7,8,9,10} ={1, 4, 1042, 3,5, 6, 7, 8, 9}
{1,2,3,4,5,6,7,8,9,10}={1, 2, 3, 7}4, 5, 6, 8, 9, 10}.
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BREAKTHROUGH XXX (LIV).
THE PROBLEM OF ALBANIAN GRAND-DAD

This problem we have firstly seen in the Albanian
problem and wisdom sheets and this naturally emplai
also the title of the chapter.

It is very well known that in our countries the
families don’t provide as many children any more as
before. Still after reading the text of the problgémight
be also understood that not everywhere on our gholoe
even in Europe the things are as bad as they sedma t
somewhere else.

So let's get acquainted with that interesting and
demographically highly optimistic problem.

To some country school 20 children are attending.
The school is extremely friendly and internal — thés
no wonder knowing that any two of these 20 have a
common Grand-dad.

We are asked and invited to establish whether in
each such school there must exist a Grand-dad hagn
in that school at least 14 grandchildren?

We couldn’t imagine a person on the globe not
knowing that every person has exactly two grandsdad
one is the father of his father while the othethis father
of his mother.

With that trivial remark, which we’ve done for the
sake of simplicity in order to show that we undamst
the nature of things, we start with our exciting
investigations.

What's now? Is it really possible to prove it?

Is there an easy way to do it?
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Are there (sometimes) easy roads to the difficult
tasks?

Firstly we would like to mention that such a sitoat
in general is possible. There might be a persomiga0
and even more — but still finitely many — granddreh in
some school: for instance, a person might happ&ave
20 children and each of these 20 children migheHas
own child exactly in that class.

But this is a so-called separate case.

How could we proceed in the general case?

We are expected to formulate the answer for all
possible cases.

That means to provide the “general” proof for all
such schools or to indicate some particular school
where every 2 from these 20 do have the common
Grand-dad but where there is no Grand-dad with at
least 14 grandchildren in that school.

One of most successful treatments as in the lifla so
the problem solving is the illustration or refresmh of
the presented content and its data or of any other
connected material.

In order to achieve some progress let us imagiae th
we are also attending to that school. We arrivest qun
that day when all children were obliged, that isdky
but resolutely asked, to bring the separate phoitdiseir
Grand-dads. That means, 2 photos each. Their ybuhg
already wise teacher asked them to raise both haitlds
a photo of a Grand-dad in each.

So we see 20 children, 40 raised hands and also 40
photos in these hands. Of course, perhaps somengers
are to be seen only on one picture or photo, batadsly
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quite a lot of them are on several photos — remeittiaé
each two kids have the same grand-dad.

Now we declare some help for that teacher and are
helping him to gather these photos and to count the
number ofdifferent persons presented on these photos.
The kids are still holding their hands raised higith the
photos — this happened to be their first school atgr
vacations, that's why they are unreally patient.

And now, before counting the number different
persons presented on these photos, the teachertlasks
question which at the first glimpse appears to be
extremely strange.

He asks whether

(A): 3 or less persons
or

(B): more than 3 persons
are presented on these 40 photos?

Why 3is so interesting for our investigations?

What a difference does it make?

Nevertheless we’ll try to answer the question.

Case Q) with at most 3 persons seen on all these
40 photos.

Now because

40:3>13
it follows that there is a person which is presdnt@
more than 13 photos.

If | am seen on more than 13 photos that clearly
indicates that I'm present on at least 14 photos.

So in the casd the existence of a person with 14
grandchildren in that school is already granted soitie
case A) is exhausted.

Now what remains to do is to regard the
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Case B), which means that there are more than 3,
that is, at least 4 different persons on these 4ptos.

Now we will apply the following illustration of dat
we’ll give the names D1, D2, D3 and D4 to thesst #
different grand-dads located on the photos.

Then the key situation will be as presented in the
table below:

First child Second child Third child
Holding photos of | Holding photo of Holding photo of
D1 and D2 D3 D4

Now what about the second photo in the other hand
of the second child? Please remember that the decon
child ought to have the common grand-dad with tres f
child.

But the first child is holding photos of D1 and B&@
that the second grand-dad on the other photo of the
second child must be either D1 or D2. No other
possibility is left. The conditions must hold.

Without the loss of generality we may assume that
the second child is holding the photadddf.

Then we have the following picture:

First child Second child Third child
Holding photos of | Holding photos of | Holding photo of
D1 and D2 D1 and D3 D4

And now the following serious question: what is the
second grand-dad on the second photo of the thitdx
Remember that he has a common grand-dad withrte fi
as well as with the second child.

If the third child holds the photo of D1 then he
clearly has a common grand-dad with both of them.

And what if not? What if he doesn’t hold the phafto
D1?
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Then having the common grand-dad with the first
child and not holding the photo of D1 the thirdldhs
forced to hold the photo of D2. So the third chidd
holding photos of D2 and D4. Let’'s again take &ltm
the table

First child Second child Third child
Holding photos of | Holding photos of | Holding photos of
D1 and D2 D1 and D3 D2 and D4

But that situation is impossible because of then th
second and the third child have no dad in common —
grand-dads D1, D2, D3 and D4 are all different!

That means the third child must also hold the photo
of grand-dad D1, so we have

First child Second child Third child
Holding photos of | Holding photos of | Holding photos of
D1 and D2 D1 and D3 D1 and D4

Now consider any other fourth child and ask:

First child | Second child Third child | (Any) fourth child
D1 and D2| D1 and D3 | D1 and D4 What does he hold?

If he holds the photo of D1 then everything is
settled and proved.

If he doesn’t hold the photo of D1 then he is
forced to hold the photo of D2 because he has a
grand-dad in common with the first child. But then
from the very same reason he is forced also to hold
the photo of D2 as well as the photo of D3.

Stop, that's impossible because even Alice in
Wonderland couldn’t imagine the child possessing 3
different grand-dads.

It follows then that if there are 4 or more diffate
grand-dads on these 40 photos then they all have a
common grand-dad.
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Remember that if there are at most 3 dads on 40
photos then from the simplest properties of mednevar
of the common sense we have that there is a gradd-d
which is located on more then 40/3 photos, thathiste
is such a grand-dad which is located on at least 14
photos.

So we've settled the question for all cases and
repeatedly state:

If every 2 from any 20 person do have a common
grand-dad then there are at least some 14 of thieichw
all are grandchildren of the same grand-dad.

BREAKTHROUGH XXXI (LV).
ONE SUDOKU AND TWO WORDS ABOUT

Sudoku is a source of infinite optimism for eachowh
tends to think that nowadays people are not eager t
apply their minds in order to find the proper way b
obeying strict but understandable rules.

Also it would be difficult to find a person, which
hadn't solved some of them.

We cite these rules rather for the sake of
completeness.

As it is known, solving a sudoku puzzle can be very
tricky because the rules of the game are as simaple
possible.

It wonders the author deeply that this game hasn’t
been invented, say, in ancient Greece. Some exmana
could be, e.qg., lack of paper and probably ink.

But why it wasn’t invented, say, in the Middle Ages
after Gutenberg’s invention of printing, would be
difficult or close to impossible to explain. Thirdbout
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these world-wide known magic squares presentetien t
picture of Cranach. These are of much more contplica
nature.

Sudoku affairs usually are taking place in a grid o
nine by nine squares as shown in the picture abbve.
9%x9 square is in the most natural way divided intoeni
3x3 squares as it is also indicated in the samengictu

Further on in each horizontal row, as well as iohea
vertical column and also in eaclkk3subsquare each of
numbers

1,2,3,4,5,6,7,8,9
might and must appear exactly once.

In each sudoku puzzle some digits are already given
and these digits are in no way to be changed daceg.
The puzzlers’ job and honorable duty is to fill the
remainder with digits respecting the rule that ache
horizontal row, in each vertical column and in eatkhe
nine 3 subsquares each number

1,2,3,4,5,6,7,8,9
appears exactly once.
A good sudoku puzzle has always only one solution.
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In all suitable instructions it is always told and
repeated that

SOLVING A SUDOKU PUZZLE DOES NOT
REQUIRE KNOWLEDGE OF MATHEMATICS;
SIMPLE LOGIC SUFFICES. (INSTEAD OF
DIGITS, OTHER SYMBOLS CAN BE USED, E.G.,
LETTERS, AS LONG AS THERE ARE NINE
DIFFERENT SYMBOLS.)

The first part of the cited sentenc&OLVING
SUDOKU PUZZLE DOES NOT REQUIRE
KNOWLEDGE OF MATHEMATICS” is the worst
sentence I've read in my life.

It indicates two things:

1. In the consciousness of many people the word
“mathematics” isn’t bound with the most pleasargreas
of our school and life history.

2. It is better, speaking about sudoku and usirg th
right words  “DOES NOT REQUIRE...
MATHEMATICS”, to separate that prospering sudoku
movement from mathematics.

This is understandable but not quite right and not
essentially true.

It only could be cited again:

But not in vain is told (John 8, 32)

You will know thetruth and thetruth shall make
you free

The following historical remark doesn’'t also imply
any sadness at all.

In spite of the game’s apparent simplicity, sudoku
can behighly addictive. While the first sudoku puzzle
was published as early as in 1979 (back then, & wa

164



called “Number Place”), the game’s popularity flighed
in 2005; it can now be found in many newspapers and

magazines far and wide all over the world.

We would like to present to you the sudoku with the

smallest known number of initially given entries.

There are only 17 of them. This is in average less
than 2 in each row, each column and eachx33

subsquare.
8 2 6
16
6|1 4
9 3
7
1
7 8
7 3

We would be glad if the reader would find sudoku
with lesser number of initially given digits buillstvith
only one possible solution.

For details vide [8].
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